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Abstract 

Let u be a solution to a quasi-linear Klein-Gordon equation in one-space dimension, 
□it + u = P{u , dtu, d x u\ dtd x u , d x u), where P is a homogeneous polynomial of degree three, 
and with smooth Cauchy data of size e —» 0. It is known that, under a suitable condition on 
the nonlinearity, the solution is global-in-time for compactly supported Cauchy data. We 
prove in this paper that the result holds even when data are not compactly supported but 
just decaying as {x)~ l at infinity, combining the method of Klainerman vector fields with 
a semiclassical normal forms method introduced by Delort. Moreover, we get a one term 
asymptotic expansion for u when t +oo. 


Introduction 


The goal of this paper is to prove the global existence and to study the asymptotic behaviour 
of the solution u of the one-dimensional nonlinear Klein-Gordon equation, when initial data are 
small, smooth and slightly decaying at infinity. We will consider the case of a quasi-linear cubic 
nonlinearity, namely a homogeneous polynomial P of degree 3 in (u, dtu, d x u] df d x u, d' x u). affine 
in (dtd x u,d x u), so the initial valued problem is written as 


(1) 


□tt + u = P(u, dtd x u, d x u ; dtu, d x u) 

< u(l, x) = £Uq(x) t > 1, x G I, e G]0,1[. 

„ d t u(l,x) = £Ul(x) 


Our main concern is to obtain results for data which have only mild decay at infinity (i.e. which 
are 0(|x| _1 ), x —>• +oo), while most known results for quasi-linear Klein-Gordon equations in 
dimension 1 are proved for compactly supported data. In order to do so, we have to develop a 
new approach, that relies on semiclassical analysis, and that allows to obtain for Klein-Gordon 
equations results of global existence making use of Klainerman vector fields and usual energy 
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estimates, instead of Lr estimates on the hyperbolic foliation of the interior of the light cone, as 
done for instance in an early work of Klainerman 21] and more recently in the paper of LeFloch, 


Ma 24], 


We recall first the state of the art of the problem. In general, the problem in dimension 1 
is critical, contrary to the problem in higher dimension which is subcritical. In fact, in space 
dimension d, the best time decay one can expect for the solution is \\u(t, OHz , 00 = 0(t~ 2 ): 
therefore, in dimension 1 the decay rate is t~ 2 , and for a cubic, nonlinearity, depending for 
example only on u, one has ||P(n )||/,2 < C'f _1 ||tt(t, OIIl 2 , with a time factor t _1 just at limit of 
integrability. It is well known from works of Klainerman 211 and Shatah [3c| that the analo gou s 


problem in space dimension d > 3 has global-in-time solutions if e is sufficiently small. In 211 


Klainerman proved it for smooth, compactly supported initial data, with nonlinearities at least 
quadratic, using the Lorentz invariant properties of □ + 1 to derive uniform decay estimates and 
generalized energy estimates for solutions u to linear inhomogeneous Klein-Gordon equations. 
Simultaneously, in p3oj ] Shatah proved this result for smooth and integrable initial data, extending 
Poincare’s theory of normal forms for ordinary differential equations to the case of nonlinear 
Klein-Gordon equations. An earlier work from Simon 31], and from Simon, Taflin in j32| for 


coupled Klein-Gordon equations with several masses, established the global existence for data 
given at t = 00 . In [15j, Hormander refined Klainerman’s techniques to obtain new time decay 


estimates of solutions to linear inhomogeneous Klein-Gordon equations and he showed that, for 
quadratic nonlinearities, the solution exists over [— T £ ,T e ] with an existence time T e such that 
lim £ _).o £ log T e = 00 when d = 2, while lim^o^ 2 ^ = 00 for d = 1. In addition, he presented 
two conjectures: for quadratic nonlinearities, T e = 00 in two space dimensions, while for space 
dimension one lim inf e _>.o e 2 log T e > 0. The first conjecture has been proved by Ozawa, Tsutaya 
and Tsutsumi in [28] in the semi-linear case, after partial results by Georgiev, Popivanov in 
[9], Kosecki |23| (for nonlinearities verifying some "suitable null conditions"), and Simon, Taflin 
in [33]. Later, in jjflj ] Ozawa, Tsutaya and Tsutsumi announced the extension of their proof 
to the quasi-linear case and studied scattering of solutions. Still in dimension 2, Delort, Fang 
and Xue proved in (?J the global existence of solutions for a quasi-linear system of two Klein- 
Gordon equations, with masses mi,m 2 , m± 7 ^ 2m,2 and m 2 7 ^ 2m\ for small, smooth, compactly 
supported Cauchy data, extending the result proved by Sunagawa in 34] in the semi-linear case. 
Moreover, they proved that the global existence holds true also when m\ = 2m2 and a convenient 
null condition is satisfied by nonlinearities. The same result in the resonant case is also proved 
by Katayama, Ozawa fl 8 ], and by Kawahara, Sunagawa [ljj, in which the structural condition 
imposed on nonlinearities includes the Yukawa type interaction, which was excluded from the 
null condition in the sense of [7]. In this context, we cite also the work of Germain El , and 
of Ionescu, Pausader 0 , for a system of coupled Klein-Gordon equations with different speeds 
in dimension 3, with a quadratic nonlinearity, respectively in the semilinear case for the former, 
and in the quasi-linear one for the latter. For data small, smooth, and localized, they prove that 
a global solution exists and scatters. 


In dimension 1, Moriyama, Tonegawa and Tsutsumi |27fl have shown that the solution exists 
on a time interval of length longer or equal to e c/£ , where e is the Cauchy data’s size, with a 
nonlinearity vanishing at least at order three at zero, or semi-linear. They also proved that the 
corresponding solution asymptotically approaches the free solution of the Cauchy problem for 
the linear Klein-Gordon equation. The fact that in general the solution does not exist globally 
in time was proved by Yordanov in [35j, and independently by Keel and Tao j2oj. However, 
there exist examples of nonlinearities for which the corresponding solution is global-in-time: 
on one hand, if P depends only on u and not on its derivatives; on the other hand, for seven 
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special nonlinearities considered by Moriyama in 
Hormander 


m 


26|. A natural question is then posed by 


14 15 ]: can we formulate a structure condition for the nonlinearity, analogous 


to the null condition introduced by Christodoulou |2] and Klainerman 22] for the wave equation, 
which implies global existence? In 0,0 Delort proved that, when initial data are compactly 
supported, one can find a nidi condition, under which global existence is ensured. This condition 
is likely optimal, in the sense that when the structure hypothesis is violated, he constructed in 
[3] approximate solutions blowing up at e A ^ 2 , for an explicit constant A. This suggests that 
also the exact solution of the problem blows up in time at e A ^ e , but this remains still unproven. 


In most of above mentioned papers dealing with the one dimensional problem, two key tools are 
used: normal forms methods and/or Klainerman vector fields Z. In particular, the latter are 
useful since they have good properties of commutation with the linear part of the equation, and 
their action on the nonlinearity ZP(u ) may be expressed from u,Zu using Leibniz rule. This 
allows one to prove easily energy estimates for Z k u and then to deduce from them L°° bounds for 
u, trough Klainerman-Sobolev type inequalities. However, in these papers the global existence 
is proved assuming small, compactly supported initial data. This is related to the fact that the 
aforementioned authors use in an essential way a change of variable in hyperbolic coordinates, 
that does not allow for non compactly supported Cauchy data. Our aim is to extend the result 
of global existence for cubic quasi-linear nonlinearities in the case of small compactly supported 
Cauchy data of 00 , to the more general framework of data with mild polynomial decay. To do 
that, we will combine the Klainerman vector fields’ method with the one introduced by Delort 
in 0 . 

In 0, Delort develops a semiclassical normal form method to study global existence for nonli¬ 
near hyperbolic equations with small, smooth, decaying Cauchy data, in the critical regime and 
when the problem does not admit Klainerman vector fields. The strategy employed is to con¬ 
struct, through semiclassical analysis, some pseudo-differential operators which commute with 
the linear part of the considered equation, and which can replace vector fields when combined 
with a microlocal normal form method. Our aim here is to show that one may combine these 
ideas together with the use of Klainerman vector fields to obtain, in one dimension, and for 
nonlinearities satisfying the null condition, global existence and modified scattering. 


In our paper, we prove the global existence of the solution u by a boostrap argument, namely 
by showing that we can propagate some suitable a priori estimates made on u. We propagate 
two types of estimates: some energy estimates on u, Zu, and some uniform bounds on u. To 
prove the propagation of energy estimates is the simplest task. We essentially write an energy 
inequality for a solution u of the Klein-Gordon equation in the quasi-linear case (the main 
reference is the book of Hormander fl5| , chapter 7), and then we use the commutation property 
of the Klainerman vector fields Z with the linear part of the equation to derive an inequality 
also for Zu. Moreover, Z acts like a derivation on the nonlinearity, so the Leibniz rule holds 
and we can estimate ZP in term of u, Zu. Injecting a priori estimates in energy inequalities 
and choosing properly all involved constants allow us to obtain the result. 

The main difficulty is to prove that the uniform estimates hold and can be propagated. Actually, 
as mentioned above, the one dimensional Klein-Gordon equation is critical, in the sense that 
the expected decay for \\u(t, is in t~ 1 , so is not integrable. A drawback of that is that one 

cannot prove energy estimates that would be uniform as time tends to infinity. Consequently, a 
Klainerman-Sobolev inequality, that would control -jlU 00 by f -1 / 2 times the L 2 norms of 
u, Zu, would not give the expected optimal L°°-decay of the solution, but only a bound in t~ 2 +<T 
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for some positive a, which is useless to close the bootstrap argument. The idea to overcome this 
difficulty is, following the approach of Delort in Q, to rewrite (JTJ) in semiclassical coordinates, 
for some new unknown function v. The goal is then to deduce from the PDE satisfied by v an 
ODE from which one will be able to get a uniform L°° bound for v (which is equivalent to the 
optimal t -1 / 2 L°°-decay of u). Let us describe our approach for a simple model of Klein-Gordon 
equation: 

(2) (D t — \J 1 + D 2 )u = au 3 + /3\u\ 2 u + r y\u\ 2 u + 6u 3 , 

where a,/3,j,S are constants, j3 being real (this last assumption reflecting the null condition on 
that example). Performing a semiclassical change of variables and unknowns u(t, x ) = -^v(t, f), 
we rewrite this equation as 

(3) [D t - Op™(\ h (x,£))\v = h{av 3 + f3\v\ 2 v + ^\v\ 2 v + Sv 3 ), 

where Ah(x,£) = x£ + \J\ + £ 2 , the semiclassical parameter h is defined as h := 1/t, and the 
Weyl quantization of a symbol a is given by 

°Ph( a ) v = 7r~r [ [ e^ x ^a{ 3 —^-,Cjv{y)dydi. 

^ h Jr Jr ^ 

One introduces the manifold A = {(x,£) | x H- , = = 0} as in hgure[l] which is the graph of 

V 1 +? 2 

the smooth function d<p(x), where ip :] — 1,1[—)• R is p{x) = \/l — x 2 . 



Figure 1: A for the Klein Gordon equation. 

One can deduce an ODE from (J3]) , developing the symbol A/i(x,£) on A, i.e. on £ = dcp(x). One 
obtains a first term a(x) independent of £ and a remainder, which turns out to be iutegrable in 
time as may be shown using some ideas of Ifrim-Tataru |16j and the L 2 estimates verified by v 
and by the action of the Klainerman vector held on v. Essentially, one uses that operators whose 
symbols are localised in a neighbourhood of A of size 0(Vh) have £(L 2 ; L°°) norms which are 
a 0(h~^~ a ), for a small positive a, instead of 0(h~ 2 ) as would follow from a direct application 
of the Sobolev injection. In this way, one proves that v is solution of the equation 

(4) Df,v = a(x)v + h/3\v\ 2 v + non characteristic terms + remainder of higher order in h . 

Then the idea is to eliminate non characteristic terms by a normal forms argument, introducing 
a new function / which will be finally solution of an ordinary differential equation 

(5) Dtf = a(x)f + h(3\f\ 2 f + remainder of higher order in h . 
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From this equation, one easily derives an uniform control L°° on /, and then on the starting 
solution u. 


The analysis of the above ODE provides as well a one term asymptotic expansion of the solution 
of equation (j2|) (or, more generally of the solution (JT]) ), as proved in the last section of this 
paper. This expansion shows that, in general, scattering does not hold, and that one has only 
modified scattering. This is in contrast with higher dimensional problems for the Klein-Gordon 
equation, where global solutions have at infinity the same behaviour as free solutions. In space 
dimension one, only few results were known regarding asymptotics of solution, including for the 
simpler equation 

□u + u = au 2 + (3u 3 + order 4. 


For this equation, Georgiev and Yordanov 0 proved that, when a = 0, the distance between 
the solution u and linear solutions cannot tend to 0 when t —» oo, but they do not obtain an 
asymptotic description of the solution (except for the particular case of sine-Gordon □n + sinn = 
0, for which they use methods of "nonlinear scattering"). In j25i |. Lindblad and Soffer studied 
the scattering problem for long range nonlinearities, proving that for all prescribed asymptotic 
solutions there is a solution of the equation with such behavior, for some choice of initial data, 
and Ending the complete asymptotic expansion of the solutions. Their method is based on the 
reduction of the long range phase effects to an ODE, via an appropriate ansatz. In 13], a sharp 


asymptotic behaviour of small solutions in the quadratic, semilinear case is proved by Hayashi 
and Naumkin, without the condition of compact support on initial data, using the method of 
normal forms of Shatah. In [4j, Delort studied asymptotics in the quasi-linear case, obtaining 
a one term asymptotic expansion for the solution, under the assumption of small, compactly 
supported Cauchy data, and showing that in general the solution does not behave as in the 
linear case. The only other cases in dimension one for which the asymptotic behaviour is known 
concern nonlinearities studied by Moriyama in 26|, where he showed that solutions have a free 
asymptotic behaviour, assuming the initial data to be sufficiently small and decaying at infinity. 


1 Statement of the main results 

The Cauchy problem we are considering is 

□u + u = P(u , dtd x u, d 2 u ; dtu, d x u) 


( 1 . 1 ) 


u( 1 , X ) = £Uo(x) 
dtu( 1 , x) = £U\{x) 


t > l,i£ 


where □ := d 2 — d 2 is the D’Alembert operator, e €]0,1[, Uo,u\ are smooth enough functions. 
P denotes a homogeneous polynomial of degree three, with real constant coefficients, affine in 
(dtd x u,d 2 u). We can highlight this particular dependence on second derivatives following the 
approach of [d] and decomposing P as 

(1.2) P(u, d t d x u, d 2 x u ; d t u, d x u ) = P'(u ; d t u, d x u) + P'\u, d t d x u, dlu ; d t u, d x u ), 

where P',P" are homogeneous polynomials of degree three, P" linear in (dtd x u,d 2 u). Moreover 

3 

P’(X i; Y\. Y 2 ) = 

(1.3) fc =° 

P"(X 1 ,X 2 ,X 3 ; Y 1 ,Y 2 ) = i k Pk(X r, -X 2 , -X 3 ; -iY u -iY 2 ) 


fc=o 
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where P' k is homogeneous of degree k in (Y]. Y) and of degree 3 — k in Xj. while P” is homo¬ 
geneous of degree 1 in (X 2 , W 3 ) and of degree k in (Yi, Y 2 ). We denote Pk = P' k + Pf. For 
x €] — 1, 1 [, define 


(1.4) 


u 0 (x) 


1 

\/l — X 2 ’ 
— X 

\/l — X 2 ’ 


(1.5) 

<F(x) := P[(l] ui 0 (x),uji(x)) + P l 1 '{l,uJo(x)uJi(x),uj(x);uJo(x),ui(x)) + 3F^(1; u 0 (x),u;i(x )). 


Definition 1.1. We say that the nonlinearity P satisfies the null condition if and only if <f> = 0. 


Our goal is to prove that there is a global solution of ed when e is sufficiently small, Uo,ui 
decay rapidly enough at infinity, and when the cubic nonlinearity satisfies the null condition. 
We state the main theorem below. 


Theorem 1.2 (Main Theorem). Suppose that the nonlinearity P satisfies the null condition. 
Then there exists an integer s sufficiently large, a positive small number a, an £q e]0,1[ such 
that, for any real valued (uq,u\) € H S+1 (M.) x H s (R) satisfying 


( 1 . 6 ) 


INIliP+l + INIItfs + \\xUo\\h 2 + ll^lll // 1 < 1 , 


for any 0 < e < £q, the problem (ED has an unique solution u € C 0 ([l,+oo[; FZ” S+1 ) D 
C 1 ([l, +00 [; H s ). Moreover, there exists a 1-parameter family of continuous function a £ : M —>• C, 
uniformly bounded and supported in [—1,1], a function (t,x) —>• r(t,x) with values in L 2 (M) 0 
L°°(R), boimded in t > 1, siLch that, for any £ e]0,£o]> global solution u of fll.ll) has the 
asymptotic expansion 


(1.7) u(t, x) = (ft r 
_y/t 

where <p(x) = y/l — x 2 , and 


X 

—a e ( - j exp 


it<p ( — ) + i£~ 


x 

a F I - 


) logt 


+ 


t2 +a 


r(t, x ), 


( 1 . 8 ) 


^i( x ) = o( w o(®)) 4 [3To(1, uio(x)ui (x),wi(x) 2 ; u 0 (x),u 1 (x)) 

O 

+P 2 {l,uj 0 (x)u 1 (x),u 1 (x) 2 - w 0 (a:),wi(x))] , 


with (x) = \/l + x 2 . 


We denote by Z the Klainerman vector field for the Klein-Gordon equation, that is Z := td x +xdt, 
and by r a generic vector field in the set Z = {Z, dt,d x }. The most remarkable properties of 
these vector fields are the commutation with the linear part of the equation in fll.ll) . namely 

(1.9) [□ + 1, T] = 0 , 

and the fact that they act like a derivation on the cubic nonlinearity. Using the notation D = jd, 
we also denote by W t ’ p ’°° a modified Sobolev space, made by functions t —>• ip(t, ■) defined on an 
interval, such that ( D x ) p ~ l D l t u € L°°, for i < 2, with the norm 

2 

(1-10) ll'^(V)||w t >p.°°(R) := II {Dx) p ~ l D l t ip{t, -)||l°°(r) • 

i =0 
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The proof of the main theorem is based on a bootstrap argument. In other words, we shall prove 
that we are able to propagate some a priori estimates made on a solution u of m on some 
interval [1,T], for some T > 1 fixed, as stated in the following theorem. 

Theorem 1.3 (Bootstrap Theorem). There exist two integers s,p large enough, s 3> p, an 
£q €]0,1[ sufficiently small, and two constants A,B> 0 sufficiently large such that, for any 
0 < e < £q, if u is a solution of on some interval [1,T], for T > 1 fixed, and satisfies 


( 1 . 11 a) 

( 1 . 11 b) 

( 1 . 11 c) 

\\ u (t,-)\\ W t,P,°o < A£t 2 

\\Zu(t,-)\\ H i < BeE , 
IKV)!!#" < beE , 

\\d t Zu(t,-)\\ L 2 < BeE 

\\d t u(t,-)\\ H s-i < B£t a 

for every 

t € [1,T], for some a > 0 small, then 

it verifies also 

( 1 . 12 a) 

i / \ M A i 

\\u(t, -)|| W t,p,oo < —£t 2 


( 1 . 12 b) 

\\Zu{t,-)\\ H l < ^-£t a , 

\\d t Zu[t, -)\\ L 2 < ^£t a 

( 1 . 12 c) 

\\u(t, Oll/P < -£t a , 

\\d t u(t,-)\\ H s-i < j£t a 


In section [2] we show that energy bounds fll.llbl) . fll.llcl) can be propagated, simply recalling an 
energy inequality obtained by Hormander in [l5| for a solution u of a quasi-linear Klein-Gordon 
equation, and applying it to dffi 1 u and Zu. Sections from [3] to [5] concern instead the proof of 
the uniform estimate’s propagation. Furthermore, in section [5] we derive also the asymptotic 
behaviour of the solution u. 

To conclude, we can mention that we will mainly focus on not very high frequencies, for it 
is easier to control what happens for very large frequencies which correspond to points on A 
in figure [T] close to vertical asymptotic lines. This is justified by the fact that contributions of 
frequencies of the solution larger than /i _/3 , for a small positive /?, have L 2 norms of order 0(h N ) 
if s/3 3> N, assuming small H s estimates on v. In this way, most of the analysis is reduced to 
frequencies lower than h~^. 


2 Generalised energy estimates 

With notations introduced in the previous section, we define 

(2.1) E 0 (t,u) = (\\d t u{t,-)\\ 2 L2 + \\d x u(t,-)\\ 2 L2 + \\u(t,-)\\ 2 L2 ) 1/2 

as the square root of the energy associated to the solution u of m at time t , and E^(t,u) = 
N 

E(£»(t,r‘ u) 2 ) 1/2 , for a fixed T. The goal of this section is to obtain an energy inequality 
k=0 

involving E^(t,u). In particular, since the aim is to propagate a priori energy bounds on u , 
i.e. \\u(t, -)|| H s , \\dtu{t,-)\\ H s-i, \\Zu(t, -)||^/i and \\dtZu(t, OHi, 2 , we will consider on one hand 
Egffi(t,u) where all T are equal to d x , and on the other Ef(t,u) where T = Z. Often in what 
follows we will denote partial derivatives with respect to t and x respectively by do and d\. 


We will use the following result, which concerns the specific energy inequality for the Klein- 
Gordon equation in the quasi-linear case, and which is presented here without proof (see lemma 
7.4.1 in |15| for further details). 
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Lemma 2.1. Let u be a solution of 


( 2 . 2 ) 


□it + u + 7 01 <9o<9i u + 7 n < 9 fu + 7°<9o u + ^dyu = / , 


1 ^ J 

where functions 7 y ' = 7 l i(t,x), 7 jf = 7 i(t,x) are smooth, such that 1 7 *^ | + 1 7 ^ | < —. Then, 

i,j =0 2 

(2.3) Eo{t,u)<C[E 0 (l,u) + J ||/(r, Ollier] exp (J C(f) dr) , 


where C(t):= ^ sup (|< 9 h 7 lJ (r, z)| + |^ 7 J (r,x)|). 


i,j,h =0 


We can rewrite the equation in (11.11) in the same form as in lemma 12.11 especially highlighting 
the linear dependence on second derivatives, 

(2.4) Du + u + 7 01 <9o<9i u + 7 n c^it + 7 ° 5 oit + 7 1 < 9 in = 0 , 


where coefficients 7 * J , 7 - ? are homogeneous polynomials of degree two in (u,doU,d\u). Let us 
apply df , s' := s — 1, to this equation. If it is a solution of (12.41) . then df u satisfies 

(2.5) Ddf'u + df'u + df' ( 7 01 < 9 0 < 9 iit + j^dfu + 7 °d 0 ii + 7^1 it) = 0, 


and applying the Leibniz rule, we obtain that df’u is solution of the equation 

(2.6) Ddf'u + df'u + 7 01 5 o 5 i( 9 f'it) + ^ ll dl{d(u) + ^°d 0 (df'u) + ^d^df'u) = f s ' 

where f s ' is a linear combination of terms of the form 


(dtd^u){dfdfu){d^d^u), 

{dtd^u) i) (dfd h u ), 

for i, j, h , 07,07 = 0,1, + s' 2 + S 3 = s', s' 3 < s'. So taking the L 2 norm and observing that at 

most one index s) can be larger than s'/ 2 , we have 


m+ 2 


(2.8) lir' (t,Oily < Y. Il4fl?»(‘.0lli» )Ep(t,u) < |Wt,0llW»^(‘.“). 


i+j =0 

3< 2 


for a p > [y]+3. Rewriting inequality (12.31) for df'u, where s' = s— 1 and C(r) < ||it(r, ■)||^ t , 2 ,<x>j 
we obtain 


(2.9) 

E d s U{t,u)<C 



exp 



On the other hand, we want to obtain an analogous of (12.91) for E z (t,u). Applying Z to (12.41) . 
Leibniz rule and commutations, we derive that Zu is solution of the equation 

(2.10) DZu + Zu + 7 01 9 0 9i Zu + ^ ll d\Zu + 7 °d 0 Zu + 7 1 diZu = f Z , 
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where f z is linear combination of Z]u and [y h dh, Z]u. We calculate for instance the 

term [7 01 <9 q i, Z]u and we find that it is equal to — (Z r j 01 )dQ 1 u — 7 01 [9g l , Z\u, that is a linear 
combination of 

(9>)(9fZu)(3 0 V), 

{d^u){d«*u){dl k u), 

for i,j , h, k, 07 , 0:2 = 0,1. Therefore, the L 2 norm of f z can be estimated as follows 


2 

(2.12) 11/7*.OIL- < ( E < IK*. ■)&<,>.»£? (*,«), 

i+j =0 


and applying lemma l2~TI for Zu, we derive 


(2.13) 


E?(t, u) < C 


E\ 


r ( 1,U ) + h ') dT 



Remark. To make the above proof fully correct, one should chek as well that the energy of 
Zu is actually finite at every fixed positive time. One may do that either using that the vector 
field Z is the infinitesimal generator of the action on the equation of a one parameter group, 
along the lines of appendix A.2 in [l|. Alternatively, one may instead exploit finite propagation 
speed, remarking that if the data are cut off on a compact set, the solution remains compactly 
supported at every fixed time, so that the energy of Zu is actually finite, and that the bounds 
we get are uniform in terms of the cut off. 


Proposition 2.2 (Propagation of Energy Estimates). There exist an integer s large enough, a 
p > + 3, p <C s, an £q €]0,1[ sufficiently small, a small a > 0, and two constants A, B > 0 

sufficiently large such that, for any 0 < e < £q, if u is a solution of (11.11) on some interval [1,T], 
for T > 1 fixed, and satisfies 

(2.14a) \\u(t, -)\\ w t,p,°° < Aet~ 2 , 

(2.14b) < Bet a , 

(2.14c) E z (t,u) < Bet a , 


for every t € [1,T] ; then it verifies also 

(2.15a) E d h x {t,u) < j8t\ 

(2.15b) E z (t,u) < —£t a . 

Proof. Both estimates f!2.14bl) and f!2.14cl) can be propagated injecting a priori estimates (12.141) 
in energy inequalities (12.91) and (12.131) derived before, obtaining 


E°f x (t,u) < C E° s 1 _ l (l,u) + A z B£ i I t 






1: 


l+cr 


dr 


<CE^_ 1 (l,u) + 


A 2 BCe 3 


a 




Ef (t, u) < C Ef(l,u) + A 2 Be 6 / r 


j; 


l+cr 


dr 


< CEf (1, u) + 


A 2 BCe 3 


a 


Then we can choose B > 0 sufficiently large such that CE^f^f l,u) + CE z (l,u) < -j£, and 
Eq > 0 sufficiently small such that a2< ^ £2 < 1, to obtain (I2.15al) . (I2.15bl) . 
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3 Semiclassical Pseudo-differential Operators. 


As told in the introduction, in order to prove an L°° estimate on u and on its derivatives we 
need to reformulate the starting problem (11.11) in term of an ODE satisfied by a new function 
v obtained from u, and this will strongly use the semiclassical pseudo-differential calculus. In 
the following two subsections, we introduce this semiclassical environment, defining classes of 
symbols and operators we shall use and several useful properties, some of which are stated 
without proof. More details can be found in |8] and 37]. 


3.1 Definitions and Composition Formula 

Definition 3.1. An order function onRxlisa smooth map from 1x1 to R + : (x, £) —>• M(x,£) 
such that there exist Nq E N, C > 0 and for any (x,£), (y,rj) £Mxl 

(3.1) M(y,rj) < C(x - y) N °{C ~ rj) N °M{x,C ), 

where (x) = \/l + x 2 . 

Examples of order functions are (x), (£), (x)(£). 

Definition 3.2. Let M be an order function on R x R, ft > 0, 6 > 0. One denotes by Sg^(M) 
the space of smooth functions 


(x,£,h) -> a(x,£,h) 
R x Rx]0,1] —> C 


satisfying for any a±, ct 2 , k, N E N bounds 

(3.2) | d^d^ 2 (hd h ) k a(x,^h)\ < CM(x,£) h~^ ai+a2 \l + phP\£\)~ N . 


A key role in this paper will be played by symbols a verifying (13.21) with M(x,£) = () N > 
for N and a certain smooth function /(£). This function M is no longer an order function 


because of the term h 2 but nevertheless we continue to keep the notation a E Sg p(( 


x+f(S,) \-N\ 

Vh ' > 


Definition 3.3. We will say that a(x,£) is a symbol of order r if a E *S' < 5 j( g((^) r ), for some <5 > 0, 

P > 0 . 


Let us observe that when j3 > 0, the symbol decays rapidly in which implies the following 

inclusion for r > 0 


(3.3) 


s w ((O r )cr%(i), 


which will be often use in all the paper. This means that, up to a small loss in h, this type of 
symbols can be always considered as symbols of order zero. In the rest of the paper we will not 
indicate explicitly the dependence of symbols on h, referring to a(x,£,h) simply as a(x, £). 

Definition 3.4. Let a E Sg p(M) for some order function M, some 5 > 0, ft > 0. 

(i) We can define the Weyl quantization of a to be the operator Op^(a) = a w (x,hD ) acting 
on u E S(R) by the formula : 

(3.4) Op%(a(x,£))u(x) = —f [ e^ x ~ v) ^, f) u(y) dyd£ ; 

JS.JR 2 
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(ii) We define also the standard quantization : 


(3.5) Op h (a(x,£))u(x) = —[ [ eh( x y ^ a (x,£) u(y) dyd£ . 

It is clear from the definition that the two quantizations coincide when the symbol does not 
depend on x. 


We introduce also a semiclassical version of Sobolev spaces, on which is more natural to consider 
the action of above operators. 

Definition 3.5. (i) Let p € N. We define the semiclassical Sobolev space Wf l ’°°(M.) as the 

space of families (vh)he] o.i] °f tempered distributions, such that (hD) p Vh := Oph({£,) p ) v h 
is a bounded family of L°°, i.e. 


(3.6) 


W£’°°(R) 


Vh £ §>' 


SUp [|(AD) P U/ l || i oo( R ) < +oo 

/ie]o,i] 


(ii) Let s € M. We dehne the semiclassical Sobolev space H?( R) as the space of families 
( u /i)fte]0,i] °f tempered distributions such that ( hD) s Vh := Oph((f,) s ) v h is a bounded family 
of L 2 , i.e. 


(3.7) 




■= < Vh 


eS'( 


sup 

/iG]0,l] ■ 


(1 + 1^1 ) s |f5ft(0l ^ < +°° 


For future references, we write down the semiclassical Sobolev injection, 

(3-8) \\vh\\w£'°° ^ Coh~*\\v h \\ p+i+e, V0 > 0. 

H h 


The following two propositions are stated without proof. They concern the adjoint and the 
composition of pseudo-differential operators we are considering, and a full detailed treatment is 
provided in chapter 7 of jgj], or in chapter 4 of 371. 


Proposition 3.6 (Self-Adjointness). If a is a real symbol, its Weyl quantization is self-adjoint, 

(3.9) (Op !»)* = Opt(a). 

Proposition 3.7 (Composition for Weyl quantization). Let a, 6 € S(M). Then 

(3.10) Opl (a) o Op% (6) = Opfl (aj(6), 
where 

(3.11) ajt&(x,£) := / / [ [ e^ a(y ’ v ’ zX) a(x +z^ + C)b(x + y,f + r]) dydpdzdf 

{nhy J R Jr Jr Jr 

and 

z,G = vz-y(- 
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It is often useful to derive an asymptotic expansion for aj) 6 , which allows easier computations than 
the integral formula (13.111) . This expansion is usually obtained by applying the stationary phase 
argument when a,b £ S$ t p(M), 6 € [0, (as shown in [37]). Here we provide an expansion at 
any order even when one of two symbols belongs to Si ^(M) (still having the other in S$,p 2 (M) 

for 6 < 2 , and pi, P 2 either equal or, if not, one of them equal to zero), whose proof is based on 
the Taylor development of symbols a, b , and can be found in detail in the appendix. 

Proposition 3 . 8 . Let a € Ss 1 ,p 1 (Mi), b £ Ss 2t p 2 (M 2 ), 61,62 € [ 0 , 5], 61 + 6 2 < 1 , Pi,p 2 > 0 
such that 


(3.12) Pi = /? 2 > 0 or [Pi ^ p 2 andiPi = 0,/3j > 0,i ± j £ {1,2}] . 
Then a$b £ S§ t p (M\M 2 ), where 5 = max{Ji, 6 2 }, P = maxj^i,^}- Moreover, 

(3.13) a$b = ab + ^{a, b} + ^ 

o=(ai,a 2 ) 

2<|o|<fc 


j { —J r d^d^ad^d^b + r k , 


where {a,b} = d^ad x b — dpbd x a, r k £ ^( fc+1 )( 1 ^ Sl+S2 ^ Ss,p(MiM 2 ) and 


(3.14) 

Tk(x,0 



k + 1 
(irh) 2 


E 

a=(a 1 , 0 : 2 ) 
|a|=fc+l 



e f fa-*) j jf 1 s^iap 0 ( x + + tc)(i - 

x dy 2 d° 1 b(x + y, £ + r?)| dydrjdzd( . 


More generally, if h ( ' k+1 ' )Sl d a a £ ^^(M-f^ 1 ), h^ k+1 ^ 2 d a b £ Ss 2 ^ 2 (M k+1 ), for |a| = k + 1, for 
order functions M k+1 ,M k+1 , then r k £ h^ + 1 ^ 1 _ ^ 1 +l 52 ^ 5 ^(M^ + 1 M 2 +1 ). 


Remark. Observe that 


(3.15) 


h 


a$b = ab + —{a, 6 } + — 


2i 


/i 


2i 


^ p2 „ o2 j, 1 1 o2 


-dfad^b + -d^adfb — d x d^ad x d(b 


1 “#*> 

~r ' 2 1 


so the contribution of order two (and all other contributions of even order) disappears when we 
calculate the symbol associated to a commutator 


(3.16) 


a# - frjja = —{a, 6} + r 2 , 
1 


where r 2 = — r^ a € h 3 ^ 1 ^ Sl+S2 ^ Sg,p{MiM 2 ). 


The result of proposition 13.81 is still true also when one of order functions, or both, has the form 
) -1 , for a smooth function /(£), /'(£) bounded, as stated below and proved as well in 
the appendix. 

Lemma 3.9. Let /(£) be a smooth function, f\tf) bounded. Consider a £ S$ 1 d )> 

d £ N, and b £ Ss 2j p 2 (M), for M order function or M{x,£) = ( X+ y^' > )~ l > l € N, some 

<5i € [0,|], 6 2 £ [0, Tj[, Pi,P 2 > 0 as in (13.121) . Then aftb £ Ss,p(( x+ f^' > )~ d M), where 
6 = maxjhi,^}; P = maxj/Iijft}, and the asymptotic expansion (13.131) holds, with r k given by 
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(13T41) . r k € / l (fc+i)( 1 -(-5i+^)) 5a ^(^£±g£l}-d M ). 

More generally, if h^ k+1 ^d a a € S 5l M( E± J?r)~ d ') and hP+^dPb € S^g 2 { Mk+1 ), |a| = 
k + 1, M k+1 order function or M k+1 (x,f) = for others d',l' € N, then r k € 

h (k+l)(lMSi+S 2 )) S 5 ^((iM^p.)-d' M k+ly 

3.2 Some Technical Estimates 

This subsection is mostly devoted to the introduction of some technical results about symbols 
and operators we will often use in the entire paper, first of all continuity on Sobolev spaces. 
We also introduce multi-linear quantizations which will be used in the next section (and which 
are fully described in jy|), especially because they make our notations easier and clearer at first. 
Moreover, from now on we follow the notation p(f) := yT + £ 2 . 

The first statement is about continuity on spaces H?( R), and generalises theorem 7.11 in |8]. 
The second statement concerns instead a result of continuity from L 2 to W^’°°. In the spirit of 
0 for the Schrodinger equation, it allows to pass from uniform norms to the L 2 norm losing 
only a power h~i~ a for a small cr > 0, and not a h~ 2 as for the Sobolev injection. 

Proposition 3.10 (Continuity on Hff). Let sGl. Let a € Ss,p({f,) r ), r £ M, 5 G [0, \], (3 > 0. 
Then Op™[a) is uniformly bounded : —>• Hf~ r ( R), and there exists a positive constant C 

independent of h such that 

(3.17) \\Oph — C ’ Vh G]0,1]. 

Proposition 3.11 (Continuity from L 2 to Let p G N. Let a G 

5 G [0, ^], (3 > 0. Then Op’f(a) is bounded : L 2 (M) —» and there exists a positive 

constant C independent of h such that 

(3.18) \\OPh( a )\\L(L 2 ;W£’°°) — Ch 4 a , V/i G]0,1], 
where a > 0 depends linearly on (3. 

Proof. Firstly, remark that thanks to symbolic calculus of lemma 13.91 to estimate the W^'°° 
norm of an operator whose symbol is rapidly decaying in \h d f | corresponds actually to estimate 
the L°° norm of an operator associated to another symbol (namely, a(x,f) = (£) fe a(x,£)) which 
is still in the same class as a, up to a small loss on h, of order h~ kl3 . 

From the definition of Op™(a)v, and using thereafter integration by part, Cauchy-Schwarz ine- 
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quality, and Young’s inequality for convolutions, we derive what follows : 


(3.19) 

\OPh(a)v\ = 


if-4— y)(, ,X 
e K Vh 9 Y(- 


+ /^ , Vh£)v{y/hy) dyd£ 


(27 x) 2 Vh 


{ vh )dri LL 


i(-%-y)t,+iriy , x + V^2/ 




(2ir) 2 Vh Jm yfh 


xa( X + ^ ; ^)W 


1 / 1 + i(£ - f?)<9. 


! + (^-y ) 2 / V 1 + (C -^) 2 


— 1 ^-J/)€+*w 


-at/ 2 


<- 7 =/ e(-5=) / (^=-y)-Ht-r,)-*(hejK)- N ( 

V ri Jr v h /lR> - /lR> x 


± #+y(^e )\- 1 


dyd^dij 


, c V 
< —w(—= 




± # E +P'(vfiO\-i 


W L 2 


<C7riH L2 / <-^- J/ )- 2 ||<^v^r JV ( 2 


± #+p'(VhO \- 1 


where JV > 0 is properly chosen later. We draw attention to the fact that, when we integrated 
by parts, we used that a belongs to 5^ ; g(l) with a 5 < ^, for the loss of /r -5 is offset by the 

factor yfh coming from the derivation of a (£±YM, yfh^) with respect to y and £. 

x-\-y/hy | f s/~j^£\ 

To estimate || (h^ yfh£)~ N ( — 2 — ~^= -—) || L 2 we consider a Littlewood-Paley decomposition, 


(3.20) 


1 = ^2^k(0 , 


where <fk(0 € Co°(M), supp<po C B( 0,1), <fk(0 = <p( 2 fc £) and suppip C {A 1 < |£| < A}, for 
a constant A > 0. Then, 


(3.21) 


(h,Py/hO~ N ( 


£t #+p'(VS{),-i 


L| ^ ^ fc >0 


-2JV/ 2 


± # I£ +p'(C )\- 2 


<Pk(t)d£ 




where 


(3.22) 
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and 


4 = 

(3-23) = 2 k f (h^ k 0- 2N (= ^ +f /(2 *0 )- 3 y(0de ^ fe > 1 

< A 2N 2 {-2N + I)k h -2PN f / 2 ±^+^( 2 ^) \-% m . 

i/ M \ n 

For k < Jfe 0 , for a fixed &o, p"(2 k tf) ^ 0 on the support of ip. As £ —» ±oo we have the expansion 

(3.24) ?>'({) = -A= = ±1=f A +0(|{|- 4 ), 

v 1 + ? ^ 

and then 

o- 2 /c 

(3.25) p'(2'=a = ±l T _ + 0(|2‘{|- 4 ). 


For k > ko, the function £ —»■ $*,(£) = 2 2k ( x+ '^ ky ) + 2 2k p'(2 k £ ) is such that |^(^)| = |£|~ 3 ~ 1 
on the support of (p, so for every k we can perform a change of variables z = 5fc(£) in the last 
line of (13.231) . Hence, 


(3.26) 


4 < j{^)-* v ( 9 - t Hz))iz 

< A 2N 2 { - 2N+s>t h- 2l,N Vh J(z)- 2 iz 

< C2 ( -~ 2N + 3 ) k h~ 2 P N Vh, 


so taking the summation of all If. for k > 0 we deduce 


(3.27) 


{h^VhO 


-N 


v - ± ^ L +p\VhO\- 1 


Vh 


7 


< 


<c'h-P N , 




k> 0 


if we choose N > 0 such that 2 ^ +3 < 0 (e.g. N = 2). Finally 

(3.28) ||0Ph ( a )ll£(L 2 ; w£’°°) = OQ 1 4 CT ) 

where cr(/3) = (A r + p)/3 depends linearly on f3. 


□ 


The following lemma shows that we have nice upper bounds for operators acting on v whose 
symbols are supported for |£| > h~^, (3 > 0, provided that we have an a priori estimate on 
v, with large enough s. 


Lemma 3.12. Let s' > 0. Let x € Cq°(R), y = 1 in a neighbourhood of zero, e.g. 


(3.29) 

Then 

(3.30) 


x(0 = 1, for |£l < Ci 

X(0 = °> for |£| > C 2 . 

\\Oph{(l-x)(hPf,))v\\ Ha > < Ch^ s ~ s ^\\v\\ H ‘ , Vs > s'. 

h n 


15 























Proof. The result is a simple consequence of the fact that (1 — x)(h^Q is supported for |£| > 
C\h~P , because 

II Op h ((l - x)(h p 0)v\\ 2 Hf , = J(l + |/i^| 2 ) s '|(l - x){h P K)\ 2 m)\ 2 dt, 

( 3 - 31 ) = / (i + i^i 2 r(i + my-'ki - 

<ch 2 ^ s - s 'hv\\ 2 H s, 

x h 

where the last inequality follows from an integration on |h£| > C\h ~^, and from the two following 
conditions s' — s < 0 , (1 + |/i£| 2 ) s,_s < Ch~ 2 h^ s '~ s \ □ 

This result is useful when we want to reduce essentially to symbols rapidly decaying in |/i^£|, 
for example in the intention of using proposition 13.111 or when we want to pass from a symbol of 
a certain positive order to another one of order zero, up to small losses of order 0(h~ a ), a > 0 
depending linearly on /3. We can always split a symbol using that 1 = x(/i^£) + (1 — x)(/j^£), 
and consider as remainders all contributions coming from the latter. 


Define the set A := {(x, £) € R x R | x + p' (f) = 0}, i.e. the graph of the function x e] — 1,1[—>• 
dp(x), <p(x) = Vl — ® s as drawn in picture|T] We will use the following technical lemma, whose 
proof can be found in lemma 1 . 2.6 in | 6 | : 


Lemma 3.13. Let 7 E Cq°(M). If the support of 7 is sufficiently small, the two functions defined 

below 

(3.32) 

e±(*>S) = f^^^ 7 (^) 2 ( x + p/ ( ± ^)) and g ±( x >£) = l + ^±^ 7 {{& 2 ( x + P'(±0)) 

verify estimates 

, , |9^e±(x,0l<C'^{e)- 3+2 «- f >, 

(3 33) q 

\dfdl~e ± (x,(f)\ <C a gW +2 ^V 

Moreover, if supp'j is small enough, then on the support of 'y(V) 2 (x+p 1 (±f))) one has (dp) <£> 
and there is a constant A > 0 such that, on that support 

A 1 (0 2 < ± 2 ; + 1 < A(£) 2 , f —> +00 
' A- 1 ^)- 2 <^x + l<A(i)~ 2 , i ^-00 


Finally, for every k € N 

(3.35) d k (dp(x)) = 0((dp) 1+2k ). 


Lemma 3.14. Let 7 E Cq°(M) such that 7 = 1 in a neighbourhood of zero, and define T(x,£) = 
7 (x±£^| 2 )_ Thm TeSl ((*±££ 1 )-*), f or a ll N > 0 . 


Vh ’■ c pn. 

Proof. Let iV E N. Since 7 E Cq 


p" E £ 0 , 0 ( 1 ); we have 




Vh 


(3.36) 


\d x T(x,0\= 7 '( 


,,x + p'(f). 1 


<h 2\\( x ) N 1 , ( x )\\ Lao ( 


Vh Vh 


|9 ? r(x,0l = |V( 


,,x + p'(f).p"(f)\ 


Vh Vh 


h 2 ||(x) a, 7 / (x)||l°°( 


,x + p'(Q ,-jy 
Vh ' ’ 

,X + p'(f) N 


Vh 
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and going on one can prove that |<9" 1 <9^ 2 r| < C ai ^ a2 ^h 2 ( ai+a2 )( x+ J_ffl ) N . □ 

Multi-linear Operators. We briefly generalise some definitions given at the beginning of this 
section in order to introduce multi-linear operators. 

Let n € N* and set £ = (£ 1 ,... ,£„.). An order function on R x M n will be a smooth function 
(x,£) —>• M(x,£) satisfying (13.11) . where (£ — r)) N ° is replaced by 

n 

i=1 

Equivalently, we define the class S$ g(M,n), for some <5 > 0, f3 > 0 and M(x, £) order function 
on R x R n , to be the set of smooth functions 

(x,£i,...,£ n ,/r) -+a(x,£,h) 

R x R n x]0,1] ->• C 

satisfying the inequality (13.21) . Vaq E N, 0:2 G N n , \/k,N E N. 

Definition 3.15. Let a be a symbol in Ss t p(M,n ) for some order function M, some 5 > 0, 

/3 > 0. 

(i) We define the n -linear operator Op(a ) acting on test functions v\,...,v n by 

1 r n 

(3.37) Op(a)(vi ,... ,v n ) = —— / e“ (a+ "' +5n) a(x, £ 1 ,..., £ n ) JJ %(£;) ... d£ n . 

(2vr) n ^ 

(ii) We also define the n-linear semiclassical operator Oph(a) acting on test functions v \,..., v n 

by 

1 r 1 . n . 

(3.38) Op h (a)(v i,...,v n ) = ——— / e^ 1+ '" +M a(x, £ 1 ,..., £„) TT £,(£/) d£i... d£„ . 

(27m) n J Rn ^ 

For a further need of compactness in our notations, we introduce I = (ii,..., i n ) a n-dimensional 
vector, ik E {1, —1} for every k = 1,..., n. We set |/| = n and define 

(3.39) wj = (r^u, ■ • • ,m „), wi = w,w-i=w, 

while m/(£) € Sse(M,n ) will be always in what follows a symbol of the form 

(3.40) m/(£) = m{(£i) ■ ■-m^(£ n ). 

We warn the reader that in following sections, when we focus on a fixed general symbol m/(£), 
we will often refer to components rn r k (£^) as rn ^(£^), forgetting the superscript / in order to 
make notations lighter. Sometimes we will also write m^(£) if this makes no confusion. 
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4 Semiclassical Reduction to an ODE. 


In this section we want to reformulate the Cauchy problem m and to deduce a new equation 
which can be transformed into an ODE. It is organised in three subsections. In the first one, 
we introduce semiclassical coordinates, rewrite the problem in this new framework and state the 
main theorem. The second and third sections are devoted to the proof of the main theorem. 
In particular, in the second one we introduce some technical lemmas we often refer to and we 
estimate v when it is away from A. In the third one, we first cut symbols in the cubic nonlinearity 
near A and away from points x = ±1, and develop them at £ = d<p(x), transforming multi¬ 
linear pseudo-differential operators in smooth functions of x; then, we repeat the development 
argument for Op™(x^ +p(£))- 


4.1 Semiclassical Coordinates and Statement of the Main Result 

Let u be a solution of fll.ll) and set 

\ — 1 ( w-\-w > 


w = (A + \J 1 -f- D%)u 
w = - (A - yd + Dl)u 


u = (A) (^irO 


(4.1) . _ _ - , n 

l-'t'U' — 2 

With notations introduced in fll.31) . the function w satisfies the following equation 

-ki-,/ f m \-1 ,w + w. w-w ^ ^ . _i ,w + w, 

(Dt — \/l + D x )w — / y i A ( (Dx) ( ^ )j ^ j D x (D x ) ( - 


(4.2) 


k=0 
2 


k=0 




,w — w . 


1 w + w 




Observe that operators which take the place of second derivatives have symbols of order one, 
while all other symbols are of order zero or negative (—1). Let us simplify the notation for 
the rest of the section by rewriting the nonlinearity in term of multi-linear pseudo-differential 
operators introduced in the previous section, namely as 


(4.3) 


Y, Op(mi)(wi) + Op(mi){wi) 

|/|=3 |/|=3 


where symbols mi, fhi are of the form (13.401) . Moreover, mj will denote symbols of order equal 
or less than zero, in the sense that all occurring symbols rriL are of order equal or less than zero, 
while in fhi there will be exactly one symbol of order one, thanks to the quasi-linear nature of 
the starting equation. Therefore (14.21) is rewritten as 


(4.4) 


(d, - = e Op(mi)(wi) + Y, Op(mi)(wi ), 

|/|=3 |/|=3 


and passing to the semiclassical framework by 

(4.5) 

we obtain 

(4.6) 


\ X 1 

w (t,x) = , h := - 


(A - Op™ (x£, +p{Q)v = hY Ophimfiivj) + hY °Ph{mi )(«/), 

|/|=3 |/|=3 


18 


















where p(£) = \Jl + £ 2 and where we used the equality Oph{x £ + p(£) + 4) = Op™(x£ + p(£)) 
following from 


OPhixt,) = ^D x x + ^xD x 

= ^ + x hD x — ~~ T Op h (x£). 

Furthermore, we write explicitly the nonlinearity of the equation, which will be useful hereinafter 

(4.7) 

(A - Opl{xt + p(£))v = hJ2i k K (W 1 ^); (hD)(hD)-\^) 


k=0 
2 


+ hY J i k P'k UhD) 


k=0 


1 ,V + v. 


,v — V , 


),(hD)(—),(hDY(hD) 

^,(hD)(hD)-\^) 


_ lf v + v , 


Let us also define the operator £ to be 

(4.8) £ := ^Op“(x+p'(0)- 


The equation (14.61) represents for us the starting point to deduce an ODE satisfied by v, from 
which it will be easier to derive an estimate on the L°° norm of v. In reality, we will need 
more than an uniform estimate for v, namely we have to involve also a certain number of its 
derivatives, and then to control its LF^’°° norm for a fixed p > 0. With this in mind, we set 
r(x,£) = 7 ), for a function 7 £ Cq°(M), 7 = 1 in a neighbourhood of zero, with a small 

support. From lemma 13.141 T £ Si q{( X+ ^t^' > ) N ) for every N £ N*, and case by case we will 
choose the right power we need. We consider also E(£) = (£) p (in practice, at times we consider 
p — 1 £ N, with p introduced for u in theorem 11.31 when we prove the bootstrap, or p = — 1 
when we develop asymptotics), and define 

(4.9) := Op h (Y*)v , 


v a -=Oph(r)v E , 
v A c : = Oph(l -T)v E , 


3 3 

=n m k s fe) ;= n m i(^)s(6) _i , 

k=1 k=1 

3 3 

fnfio =n^ E (&) — n w4(4)e(4)- 1 . 

/c=l 


together with 

(4.10) 

and symbols 

(4.11) 


The main result we want to prove in this section is the following: 


19 















Theorem 4.1 (Reformulation of the PDE). Suppose that we are given constants A',B' > 0, 
some T > 1 and a solution v € L°°([L,T]; H^) D L°°([l, T]; of the equation (14.61) (or, 

equivalently, of m), satisfying the following a priori bounds, for any e €]0,1], t € [1,T], 

(4.12) \\v(t,-)\\ wr <A'e, 

(4.13) II-MV)I|l2 + KMHifj < B'h~ a e , 

for some a > 0 small enough. Then, with preceding notations, v ^ is solution of 


d-11) 

D t v a = ip(x)6 h (x)v I + h<S>f (x)8 h (x)\vf\ 2 vf 


+ hOpl{T) 


^{x)6 h {x){vff + ^!(x) 0 h (x) lvXl 2 v% + <S>%(x)6 h (x){vf) 3 


+ hR(v ), 


with ( 0h{x))h a family of smooth functions compactly supported in ] — 1 , 1 [, some smooth coeffi¬ 
cients 4>?(x) ; |<f>?(x)| = 0{hr a ) on the support of 0^, for j € {3,1, —1, —3} and a small a' > 0. 
Moreover, R{v) is a remainder verifying the following estimates 

(4.15) \\R(v)\\ L 2 < Chk~ a (\\Lv\\ l2 + ||u||^), 

(4.16) ||-R(tOIU°° < Ch^~ a (\\£v \\ L 2 + \\v\\ H °) , 

for a new small a > 0. 

Smooth coefficients <t>?(x) in (14.141) may be explicitly calculated starting from the nonlinearity 
in (14.71) . and in particular this will be done for (x) at the beginning of section [5] Afterwards, 
we will use the notation R±(v) to refer to a remainder satisfying the following estimates: 

(4.17) \\Ri(v)\\ K < Chh~°{\\L v\\ l2 + Hhj) , 

(4.18) ||i2i(t;)|U» < ChT- a {\\Lv\\ L 2 + HvIIhj) , 

for a small er > 0. 


4.2 Technical Results 

We estimate v^ c as follows : 

Lemma 4.2. Let T(£) a smooth function such that |<9°T| < (f)~ a , X as lemma Uf.lUft (3 > 0. 
Then 

x+p'{f) 

\fh 

where Ri(v) is a remainder satisfying (14.171) . (14.181) . 


) u + i?i(u) 


(4.19) Op w h {T( x+ ^ ) ))v' s = ovt (W)x(^)r( 


Proof. We consider a function x as hi lemma 13.121 and we write 


(4.20) 


Otf(r( x+ ^ (a ))t> s = og( r( - ))o v r,m)x(.hX))v 

+ oK(f( I+ jf K) ))o P y(£(0(i - x)(hX))v, 


for (3 > 0. The second term in the right hand side represents a remainder R\{v) satisfy¬ 
ing the two inequalities of the statement just because r( 3! ' + ^^ ) € Si 0 (1) (so, for instance, 
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11 Op™ (r()) 11 £ (h p+1 -w p ’°°) = 0{h 2 ) by Sobolev inequality (13.81) and proposition 13. 101) and 
(1 — x)(h^0 is supported for |£| > h~ so that we can use essentially lemma 13.121 


On the other hand, since |9 Q r| < (£) a and £(£)x(^£) G h <7 So ) p( 1), with 

(4.21) 


a = 


pf3 if p G N 

0 if p< 0 

we use the composition formula of lemma I3U1 for the first term in the right hand side, i.e. 
(4.22) OpX(f( -±ML ))Oi%m)x(h l, i))v = Otf (s(0x(fc‘ , 0f( X + ^ (a )) v + Op h (r 0 ) 


y/h 


y/h 


where r*o G h 2 a Si p(( X+ /^^ } *)• So Oph(r o)f satishes inequalities (14.171) . (14.181) respectively 
by propositions 13.101 and 13.111 □ 

Lemma 4.3. Let T(£) be a smooth function such that |<9°T| < (£) _a , c(x,£) G ^^(l), c'(x,f) G 
^'^(l); with (5,G [0, 7}[, (3 > 0. Then 


(4.23) 


c(x, 0r( ' T + P ' ( ~ )tt(s + p'(fl) = c(x, f)T( X + P ' {0 )(x + p'(0) + h l ~ 25 r 


y/h 


y/h 


with r G Si p(l), and 


,x+p'(0 


(4.24) \\Op'i(c(x,0T(-^M)(x+ v 'm)OpW)v\\ L , < h l -’(\\Lv\\ L , + W|„j), 

(4.25) ||Op^(c(x,0f +p'«)»OK , (c>|| i „ < hi-°(\\Lv\\ L i + |M|„ ; ), 

with a = a(5, 5 1 , j3) —>• 0 as 5, 6',/3 0. 

Moreover, if T = T_i, with |cPT_i| < (£) _1 ~", then in (14.231) r € Si / 3 (( X+ ^^ )~ 1 )> ani i the 
L°° estimate can be improved 


,x + p'(£) 


(4.26) ||Op^(c(x,{)r- 1 (^-£^)(x4-p'K)))OpJ’(c')t,|| 1 „</U-''(||£»|| 11 4-||»||«j). 


Proof. The result is immediate if we use the development of proposition 13.81 at order one, 

(4.27) 


c(x, 0T( X+P ' { ^ Mx + p'(0) = c(x, On X + P ' i0 )(x + p'(0) 


y/h 


y/h 

+ iic( x, 5 )r( ^i) 


h 


),(x + p'(0) >+hr 1} 


where r\ G h 2S Si ^(1), while by direct calculation the Poisson bracket is equal to: 


c (*,£)r( 


x + p\f )* 

y/h 


), (s +p'(0) \ = r ( X+P ' [i) ){d i c - p"d x c ), 


y/h 


r( x+ ^ ) )(d^c-p"d x c) G h d Sip( 1). Therefore 


- s , 


(4.28) 


o<(c(x,{)r(i±h® )(x + p \0))OpW)v = 

= hO v X(c(x,Qf( - tfL£L ))Wp'H(c')v 
+ hOp% (4i ' r fjf' 4'V: - p"d x c) + riJOpjV) v . 


21 



































and the application of proposition 13. 101 along with Sobolev injection (13.81) . immediately im¬ 
plies that the second term in the right hand side satisfies estimates ( 14.241) . (14.251) . Moreover, 
[L,Op™(d)\ = i(d^d — p"d x d) + h}~ 25 rq, rq being a symbol in S^oO), hence it belongs to 
h~ s SV,o(l)) and its quantization is a bounded operator from L 2 to L 2 by proposition 13.101 up to 
a small loss in h~ 5 '. This remark, together with c(x,£)r( x+ ^ffl ) € Si ^(1), d S propo¬ 

sition 13.101 and Sobolev injection imply that also the first term in the right hand side verifies 
estimates in (14.241) . (14.251) . The same reasoning as above can be applied when T = T_i with 
|3"T_i| < (£) -1 ~ Q . In this case, the development in (14.271) is justified by lemma [3791 Moreover, 


symbols involving c(x, £)T_ s tay in Si 1 )> so we can apply proposition 13.Ill 

instead of Sobolev injection, to control the L°° norm, losing only a power for a small 

a > 0 (and not h ~2 due to Sobolev estimate) and so deriving the improved estimate (14.261) . □ 

Proposition 4.4 (Estimates on u^ c ). There exist seN and a constant C > 0 independent of 
h such that v^ c can be considered as a remainder R(y) satisfying (14.151) , (14.161) . 

Proof. Firstly, we want to reduce to the study of the action of Op™( 1 — Tj on v and not on 
so we can use lemma l4~2l with T = 1 — 7 , obtaining 


/ x+p'(g) \ —1 \ 


(4.29) 


cw((i - 7 )(i±^il))„s = cw(£«)x(/>7)(i - + fl(„), 


x+p'(Z), 


y/h 


y/h 


where R(v ) satisfies (I4.15D , (14.161) . Then it remains to analyse 


Opt ^ 77 ^)) «• 

We write the symbol of the operator as E(^)x(/?/ 3 g)T_i )( X+ J_ffl ), with T_i(£) = , 

and we can apply the previous lemma with c(x,f) = S(£)x(^£) € h~ a Sq } / 3(1), a as in (14.211) . 
d (x. f) = 1 , to derive that it is a remainder R(v) satisfying (14.151) . (14.161) . □ 


We want to apply first (£(£)) to (14.61) . As OpJJ)(£(£)) commutes with D t — Op™(x£ + p(£)) 
(because E(D) commutes with Dt —p(D)), we obtain the equation: 

(4.30) (D t - Oph(xf + p(f)))v^ = hOph(^ ^2 Ophimi)^!) + ^ Oph(m/)(u 7 ) . 

|/|=3 |7|=3 


Then, we apply also Op™(T) to (14.301) . so we have to calculate its commutator with the linear 
part of the equation, as done in the following: 


Lemma 4.5. 

(4.31) 
where 

(4.32) 


[D t - Op%(xt + p(Z)), O^(T(x,0)] = Opt(b ), 


,,x + p'(£) , ,x + p'{£) , ,3 

b(x,0 = hT_ 1 ( -^)(- ZM) + h*r, 


y/h 


y/h 


r G Si ^i^M)- 1 ), and T_r satisfies I^T^OI < ( 0 ” 1 " 0 - 
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Proof. First we start by calculating [D t ,Op™(T)\ = D t Op™(T) — Op™(T)D t : 
(4.33) 


D t Op%(T)v = - dt 

i 


1 

2n 


e Hx-y) ^t V ±pW )v{tj y) dydC 


~h\ 

= ^n 9h 


y/h 


Iff e H*-v)t 7 ( X 2 V + ^ m ) v (t,y)dyd^ 
4vr JrJ r y/h 


h 

2ni 


1 Jr Jr vh y/h 


+ 

+ 




47T2 

1 

27T 




^+p'm 


y/h 


y/h y/h 

)D t v{t,y)dyd£ 


y)dydi 


= ih Opl 7 ( 


n x + p'{i) p"{Oi 


y/h )( ' Vh 


ih 


))v--Op w h \ 1 '( 


, x + p'(£) x + p'{£) 


y/h 


K- 


y/h 


+ Opl(T)D t v. 

Then, using (13.141) and (13.161) we write 


(4.34) [O^(r(*,0),CW(M;+J>(e))] = %"(7 C t+ ^ K) >.^+p(0}) +r 2 , 


y/h 


with r 2 € h* Si o(( X+ ^ > ) X ) from lemma [3791 since <9°T G h ^ Si o(( X+ ^' > ) *)> d a (xf + 
p'(/)) € 5'o,o(l) for |a| = 3. On the other hand, developing the braces in (|4.34l) we find 

h „ ,,,/r f x + p’(f). 


7 <W(W ; 


y/h 


-),%£+P 


—auw (y ( £±^0)£^i 

+ ik o r r h (~ ! \^±/M)/ +p ' {() 


Vh 


y/h 


so when we add it to [Dt, Op™{T)\ calculated before, we obtain the result just choosing T_i(£) = 

h'(0- □ 


We apply Op™(T) to equation (14.301) . Using lemma 1431 we obtain 

(A - Op%(x£, + p{£))v a = hOp'/iVOp'/iT,)^ Y OpVm/Vi) + Y °Ph(fni)M 


(4.35) 


m=a 

,x +p'(0yr x +p'(0 


|/|=3 


+ hOp^ ( r_i( - ' C. VS/ ) C ' y' ) ) vS + h‘2 0p'/{r)v Tj , 


Vh 


Vh 


r € Si 0 (( X+ ^’ S> ) X ), where the second and third term in the right hand side are of the form 

hR(v), R(v) satisfying the estimates f[4.15l) . (!4.16l) . In fact, using lemma l4~2l with r(£) = T_i(£)£, 
and lemma l4~3l we have 


(4.36) 

Opl (p-i 


x + p'V) x + p'iV \ s 

Vh A Vh 7 


Ovl V/ ){ ~ W ) ) v + R{v) 

R(v), 
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while r can be split via a function x as hi lemma 13.121 with /3 > 0 , obtaining ^(x, £)%(/i^£) € 
Si t° which we can apply proposition 13.111 and r(x,£)(l — x)(h^£) to which can 

be instead applied lemma 13.121 Then also h2 0p™(r)v^ = hR(v). Therefore, the equation we 
want to deal with becomes 


(4.37) 

(A-OpJ?(xf+ p(£))ua 


hOPhi^OPhi^l 22 Ophim^iy!) + 22 Op h {m j)(uj) + hR(v ), 


1*1=3 


\I 1=3 


with a remainder R(v) which satishes (14.151) . (14.161) . 


4.3 Development at £ = d<p(x) 

The next step now is to develop the symbol of the characteristic term in the nonlinearity, i.e. 
the one corresponding to I = (1,1, —1), at £ = dip(x). This will allow us to write it from 
up to some remainders, transforming the action of pseudo-differential operators acting on it into 
a product of smooth functions of x. Such development is not essential on non characteristic 
terms, which will be eliminated through a normal form argument in the next section. However, 
some results, such as proposition 14.71 and lemma 14.81 apply suitably also to non characteristic 
terms, so we will freely make use of them to get some simplifications. 

We want to prove the following result: 

Proposition 4.6. Suppose that v satisfies the a priori estimates in (|4. 121) . (14.131) . Then there 
exists a family of functions 0h{x) € Cq°(] — 1 ,1[), real valued, equal to one on an interval 
[— 1 + ch 2 ^, 1 — ch?P\, \\d a 0 h \\ L oo = 0{h~ 2 ^ a ), such that the nonlinearity in (14.371) can be written 
as 


(4.38) 

h<S>f(x)0 h (x)\vf\ 2 vf + hOp%(T) 


^{x)Q h {x){vlf + $E 1 (x)0 h (x)|uJ + $- 3 (x)6 h (x)(v% ) 3 


+ hR{v ), 


where 4>?(x) are smooth functions of x, |<3??(x)| = 0(h <r ) on the support of Oh, for j € 
{3,1,-1,— 3}, a > 0 small, and where the remainder R(v) satisfies estimates (14.151) . (14.161) . 

Before proving this proposition, we need the following general result. 

Proposition 4.7. Let a(x,£) be a real symbol in Ss, o((£} 9 )> 9 6 for some 5 > 0 small. There 
exists a family {0h{x))h of C°° functions, real valued, supported in some interval [—l + ch 2 ^, 1 — 
ch 2 P\, for a small (3 > 0, with ( hdh) k 0h bounded for every k, such that 


(4.39) Oph{a)v = Qh(x)a(x,dip(x))v + R\(v ), 

where R\(v) is a remainder satisfying estimates (14.171) . ()4. 181) . with cr = cr((3,5) > 0, a —>• 0 as 
/3,5 0. The same equality holds replacing v by . 


Proof. In order to develop the symbol a(x, £) at £ = dp{x) we need to stay away from points 
x = ±1, so the idea is to truncate near A and to estimate different terms coming out. 


First, let us consider a function x G Co°(®i) as in lemma 13.121 fi > 0. We decompose a(x,£) as 
follows 

(4.40) a(x, £) = a(x,£)x(h /3 £) + a(x,£)(l - x)(h /3 £). 
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It turns out from symbolic calculus, proposition 13.101 lemma 13.121 and Sobolev injection (13.81) . 
that Op%(a(x,£){l-x)(hP£))v is of the form R±(v), if we choose s>l sufficiently large, so we 
have just to deal with a(x, £)x(^£)- Since this symbol is rapidly decaying in |/i^£|, we notice 
that, to prove that the estimate (14.171) holds for terms of interest, we can turn the norm into 
the L 2 norm up to a small loss in h, and then simply estimate the L 2 norm of these terms. This 
is obvious when p < 0, for injects in L 2 , while for p E N this follows using the definition 
13.51 (UII). symbolic calculus, and the fact that (£) p x(^0 < h~ p J. Therefore, it is sufficient for 
our aim to prove that terms coming out are remainders R(v), in the sense of inequalities (14.151) . 

dnsD. 

Secondly, we consider a smooth compactly supported function 7 E Qj°(M), 7 = 1 in a neigh¬ 
bourhood of zero, with a sufficiently small support, and we split a(x, £)x(^£) as 

(4.41) a(x,£)x(h p £) = a(x,t)x(h fi Z)'y( X ) + a(x,£)x(hfy(l - j)( X ) ■ 

Again, the second symbol in the right hand side gives us a remainder. In fact, since (1 — y)(£) 
is supported for |£| > 07 , we can write 

(4.42) „( 1 , { )x(/i' 3 {)(i-7)(^^h)=«7.{)x(/i7)r- 1 (^(h)(^^h). 

where T_i(£) = , |<9°T_i(£)| < (£)~ 1_ ". Lemma l4~3l with c(x,£) = a(®,£)x(^£) € 

h~ <J Ss } p(l), a > 0 small (either equal to q/3 for q > 0, or to 0 for q < 0), c'(x,£) = 1, implies 
that Op™ [a{x, v satishes (14.151) . (14.161) . 

The last remaining symbol is a(x, 0x{^ 3 Ol{ X+ ^rjP ); which is supported in {(x, £) € MxR | |£| < 
C2/1 ^ , | | < 0:2}, so x is bounded in a compact subset of ] — 1,1[ of the form [—1 + ch 2 @, 1 — 

ch 2 ^], for a suitable positive constant c. We may find a smooth function 0h(x) E Cq°(] — 1,1 [), 
Oh = 1 on [—1 + ch 2/3 ,1 — c/i 2/3 ], satisfying \\d a 6h\\L°° = 0(h~ 2l3a ), and write 

(4.43) a(x, Ox(h p £)'y( X+ ^S^ ) = o(s, £)9 h (x)x(h fi £)'y{ X ) ■ 

Since on the support of Oh we are away from x = ± 1 , we may now develop a(x,£) at £ = dip(x), 

a(x, £) = a(x, dip(x)) + / d^a(x, t£ + (1 — t)dip(x))dt (£ — dip(x)) 

(4.44) J 0 

= a(x, dcp(x )) + b(x, £)(x + p'(£)), 

where 

(4.45) b(x,£)= [ d^a(x, f£ + (1 - t)dip{x)) dt - • 

Jo X + P\Z) 

Then, 

(4.46) 

a(x,C)0h{x)x{h P Q 7( X = a ( x , dip(x))0 h (x) + a(x, d<p(x))0 h (x) [xih^Ol C ) ~ X ] 

+ K x ^)xih p Cn C + jS^ )( x + p'(£)). 
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Let us call I\ and I 2 the Weyl quantizations respectively of the second and third term in the 
right hand side of (14.461) . We want to show that they satisfy (14.151) . (14.161) . 

First we analyse the third term in the right hand side of (|4.46l) . We may find another smooth 
function 7 , with a small support, such that 

(4.47) + jf (0 ) = x(hHYt C + ^ (a )7«Q 2 (* +p'(C)) ■ 

From a € S$, o((£} 9 ) and lemma [37T31 B(x,£) := b(x,^)x(h^^((^) 2 (x + ?/(£))) is an element of 

r^((0 3+9 )cr^^( 1 ), 

for S' = max{<5, 2/1}, a > 0 small depending on [3 and 5. Moreover, |< 9 Q 7 (£)| < (£}~ 1_Q , so 
lemma H~51 implies that Op^ ( B(x , + p'{f))) is a remainder h, 2 R(v). 

On the other hand, I\ has a symbol whose support is included in the union {|£| > C\h~^} U 
{| X ~^ ) I > ai}. Take \ € Cq°(M), x = 1 in a neighbourhood of zero, suppx C {|£| < 
so that XX = X- We make a further decomposition, 

x(h ^-± 01 ) - 1 = 

(4.48) = (x(h B (H X+ ^ () ) - l) XpQ + (x(h f (h( X+ ^ () ) - l) (1 - x)Pi) 

= ~ 1 ) xPQ + - l) (1 - X)P() ■ 

The hrst term in the right hand side is supported for || > aq, so it can be written as 

and it is a remainder by lemma FTTH Besides, the second term in the right hand side is supported 
for |£| > Cih~P, so it is essentially an application of lemma 13.121 to show that it is a remainder 
R(v). This shows finally that the development in (14.391) holds. For the last statement of the 
proposition, one can show that the same proof we did for v can be applied for u s , just changing 
a(x,£) into a(x, £)£(£) trough lemma 14.21 when needed, and for a new er > 0 depending also on 
P- 

□ 

Proof of Proposition M The idea of the proof is to develop all symbols mj(£), mj(f) occurring 
in the cubic nonlinearity at £ = dip{x) using the previous proposition. Remark that, when 
i k = — 1, Vi k = v and we have 

(4.49) Op h (m. k (£))v = Op h (m k (-£))v = Op h (m k {i k f))v , 

so the development at £ = dp{x) will give us a term m k (i k d(f(x))vi k , since m k (f), dtp(x) are real 
valued. 

We first write Op™(m k (f,))vi k = Op^(mfc(£)S(£) - 1 )u? = Op^(mjP(£))u s (following the notation 
introduced in (14.111) 1 and then we apply proposition 14.71 From bounds (14.121) . (14.131) . we have 
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\\rri^(ikdtp(x))6h(x)vf k \\L°° = 0(h CT ), \\m%(i k d<p(x))9 h (x)vf k \\ h p = 0(h a ), for a a > 0 de- 

3 

pending on /3 , so we immediately obtain that Oph(mj)(vj) = n m%(i k d<p(x))O h (x)vf k +Ri{v), 

k=l 

R\(v ) satisfying estimates (14.171) . (14.181) . and we can perform the passage from the term 

(4.50) ^2 Op h (nr/) iyi ) + ^2 °Ph(™i)( v i) 

1*1=3 1*1=3 

to its development 

(4.51) ^2 rrif(d<pi(x))O h (x)vf + ^2 (d^/(x))6> h (x)uj + Ri(y). 

1*1=3 1*1=3 

The nonlinearity in (14.371) becomes 


(4.52) 


hOp w h { Y ) Op w h m )) 


^ mj(dtpi(x))6 h (x)vf + ^2 mf(dipi(x))6 h (x)vY 
1*1=3 |*|=3 


+ hOp%(T)Op%('E(t))R 1 (v), 


where R\(v) satishes (14.171) . so that OpT(T)Op' l L(T l (^))Ri(v) is a remainder of the form R(v), 
satisfying the estimates (|4.15l) , (|4.16l) , by propositions 13.101 and 13.111 

The following three lemmas allow us to conclude the proof. In particular, we underline that in 
lemma l4~8l we only need an L 2 estimate on what we denote R(v), because we will apply to it the 
operator Op^(T), which is continuous from L 2 to L°° with norm ||Op™(T)|| iC / i 2 .£<») = 0{h~i~ a ) 
by proposition 13.111 □ 


Lemma 4.8. Let I = (*1, *2 ; *3)^ € {1,-1} fork = 1,2,3, be a fixed vector. Denote by A(£) 

the function L(£)x(h^£), with x as i n lemma (4 . 1 21 fi > 0. Then 

3 

Ophif^iO) {mf{dip I (x))e h (x)vf) = A(2^2iid(p(x))mj(d<p I (x))Q h (x)vf + h5R(v), 

(4.53) 

Oph{^(0) (fnf{d<pi(x))6 h (x)vf) = A(2^iid(p(x)^mf(d(p I (x))6 h {x)vf + h^R(v ), 

l=l 

where R(v) satisfies the estimate (14.151) . 


Proof. Before proving the result, let us make some observations: first, in all the proof we will 
use generically the letter a to denote a small non-negative constant depending on fi, that goes 
to zero when fi goes to zero; the symbol £(£) can be reduced to E(£)x(^s) € h~ a S q p{\), a as 
in (14.211) , up to remainders (essentially using lemma 13.121) ; from the a priori estimates (|4.12l) , 
(14.131) made on v, we have || mf (dipj(x))9h(x) vf || 1,2 = Ofih °). 


Let us consider a smooth function 6h(x) € Cq°(] — 1,1 [), such that 6^6^ = 6^, and let us write 

mf{dpi(x))O h {x)vY = e h {x)m^{dip I {x))e h {x)vf . 

We enter Offix) in Op™(Y,(fi)x{hPff)) applying symbolic calculus of proposition 13.81 to be able to 

3 

develop the symbol at £ = ^2 iid<p(x). We have 

1=1 

(4-54) E(0x(/^0tlto = n0x{h^)9 h {x) + r 0 , 
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with ro E h 1 CT S d -. ; g(l). <5 > 0 small, so proposition 13. 101 implies that its quantization gives a 

remainder as in the statement, when applied to mf(d(pi(x))9h(x)vf. Now, since we are away 

3 

from x = ±1, we can develop A(£) = E(£)x(/i^£) at £ = ^^iidip(x) by Taylor’s formula, i.e. 


1=1 


(4.55) 
with 

(4.56) 


O O 

A(0 = A^iiMx)'} +^(*,0(C-5D iidip(x)), 

i=i i=i 

3 

A'(x, 0= A ' (*£ + (! - i) XI ** < M a 0)) dt > 

i=i 


A'(x,£)9h(x) belonging to h ^Sg^l). To conclude the proof, we need to show that also 

3 

Op%(A'(x,t)e h {x)(t- E iidip(x))^ (mf(dipi(x))9h{x)vf) = h^R(v). So let us consider a new 


i=i 


function 9 h {x) E Co°(] - 1,1[), such that 9 h 9 h = 9 h . Since 9 h (C ~ y ^jidip(x)) € h a Ss,o({0)i 
and using symbolic calculus of proposition 13.81 we write 


1=1 


O O 

(4.57) A'(x,$,)9 h (x)^9 h (( - ^ iidip(x ))) = A'(x,£)9 h (x)(£, - ^iidp(x)) + r’ 0 , 

i=i i=i 

where r' 0 E h l ~ C7 Ss t o(l)- Again proposition 13.101 and the uniform bound on v imply that 
Op™ ( r o)( m f (dipj( x ))9h(x)vf) is a remainder h^R(v). We can focus on the term 

3 

(4.58) Opl(A'(x, £)9 h (x))Op% (9 h (x)(£ - i t d<p(x))) (mf(dp 1 (x))9 h (x)vj : ), 

i=i 

and we can go further, limiting ourselves to consider the action of these operators when vf is 
replaced by 


(4.59) 


v °i ■= II °Ph( E (f)x(^0) v »* > 


k =1 


again up to terms with symbols supported for |£| > h &, which are remainders from lemma 13.121 

3 

The operator Op™ (dh{x)(f; — iidip(x)) S j has a symbol linear in £, so 

l=i 

3 1 1 3 
OPh (0h(x)(£ -^2iid(p(x))j = -hD6 h (x) + -9 h (x)hD - 9 h (x)^iidtp(x) 


(4.60) 


i=i 


i=i 


+ 9 h {x){hD — iidtp(x )), 

i=i 


and if we choose 9h such that 9h,9h = 9h, we have that 9' h = 0 on the support of 9h, giving no 

3 

contributions when h ° h !f' 1 is multiplied by mf(d(pj{x))9h(x)v i j. Here (hD — ^^iidp{x)) acts 

1=1 
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like a derivation on Vj, so the Leibniz’s rule holds and 

3 

OPh(8h(x)(£-^2iid(p(x))^ (mf(d^/(x))6» /l (x)n?) = 

1=1 

3 

(4.61) = 6 h (x)(hD - ^2 iid<p(x)) {m%{dyi{x))6 h (x)vf) 

i=i 

3 

= hD(mj(d<pi(x))9 h (x))vi + mj‘(dp I (x))6 h (x)6 h (x)(hD - ^ z/d^(a;))(v°). 

/=i 

Then, if for instance vj = (u 0 ) 3 (i.e. I = (1,1,1), and the same idea can be applied with |u°| 2 u°, 
|u°| 2 u° and (w 0 ) 3 ), we derive 

Qh{x)(hD — 3d<p(x))(v 0 ) 3 = 3 (v°) 2 9h(x)(hD — dip(x))v° 

(4.62) _ o 

= 3 {v°) 2 Op^(O h (x){^ - d<p(x)))v° - —hO' h (x){v 0 ) 3 , 

2i 

using the relation (14.601) in the last equality (however, the second term in the right hand side 
disappears when we inject (14.621) in (|4.61D ). Now we can re-express the first term in the right 
hand side from hLv°. In fact, up to further remainders, Op™(6h(x)(£ — dp(x)))v° can be reduced 
to Op™(Oh(x)x(hPf;)(f; — dip(x)))v°, and this term can be split with the help of a 7 € Co°(M), 
7 = 1 in zero, namely 

(4.63) 

Oph (fy»(z)x(^ 0 (£ - v° = Opl (dh{x)x(hp£) 7 ( X + jS^ )(£ - dtp(x))\ v° 

+ Oph (§ h (x)x(h p £)(l - 'y){ X+ jS^ ){^ - dip(x)) S j v° . 

Both terms have an L 2 norm controlled from above by 

Ch l ~ a (\\L v \\ L 2 + \\v\\ H °) ■ 

In fact, on one hand, we can take up the observation made in (14.471) . and rewrite the first term 
in the right hand side as 

(4.64) Op% (o h (x)x(hP£)'y( X + jS^ )e + (x + p'(0)) v° 

where e_|_ is defined in (13.321) . On the other hand, also the symbol associated to the second 
operator in the right hand side can be rewritten highlighting the factor (x +p'(£;)), as follows 

tort*) (£$$) ( 1-7 )(£±$fW(f)), 

with 0h(x)x(h /3 £) ( g+p^(|) ') (1 — 7)( X+ ^jf > ) e h~ a Si ^(1). Then, to both operators we can 

apply lemma 14.31 for c(x,£) respectively equal to 0 1 (x')x(/t / 9 ^)e + and Oh (x)x(h f3 ^) ( ^x+p’lz ) ')» 
c'(x,£,) = £(£)x(/i^£), obtaining that they satisfy (14.241) . Summing all up, together with (14.581) . 

(14.611) . (14.621) . the fact that A'(x,^)0h{x) € h~ a Sg t o(l), and propositions 13.101 we obtain the 
result of the lemma. □ 
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From now on, we will denote by $3 (x), $f(x), T'^cc), $^ 3 (x) respectively the coefficients of 
(v E ) 3 , |n s | 2 n s , |f S | 2 n s , ( v s ) 3 . Since they come from mf(dpj(x))9h(x),mf(dpj(x))9h(x) which 
are 0(h~ a ), for a small cr > 0 , they are also 0(h~ a ). 

Lemma 4.9. With same notations as before, 

(4.65) Op%(T)($f (x)9 h (x)\v £ \ 2 v T ‘) = 4>f (x)9 h (x)\v T, \ 2 v T ‘ + R{v ), 
where R(v) satisfies estimates (14.151) . (14.161) . 

Proof. Let us write Op'f( r) = 1 — Op™( 1 — T). We want to show that the action of Op™( 1 — T) 
on &f{x)9h(x)\v^\ 2 v^ gives us a remainder R(v). First, we can reduce the symbol 1 — T to 
(1 — r)x(/rf), wifi 1 X cut-off function, f3 > 0, up to remainders from lemma 13.121 Moreover, 
we can consider a smooth function 9h(x) E Cq°(] — 1,1[) such that 9h.9h = 9h, and use symbolic 

calculus to enter 9h(x) in Op™(( 1 — r)x(h /3 £)) (again up to a remainder R(v)). Then, we can 
write 

(4.66) (1 - r )x(hPf)9 h (x) = -^fc(x,C)r-i( ' r + jS^ )O h (x)(£ - dp(x)), 

where b(x,f) = x(h P fi)9 h (x) () € h ~ aS sA l ), r -i (0 = (1 ~g )(€) , cr, 5 > 0 small depending 
on fi, and 9h(x) a new smooth function in Cq°(] — 1 , 1 [), identically equal to 1 on the support of 
9h(x). Applying symbolic calculus of lemma 13791 we derive 

(4.67) 

-^= 6 (a;,£)r-i( X + jS^ )$9 h (x)(£ - dtp(x)) = -^=b(x,f)T^ 1 ( X+ jS^ )9 h (x)(f, - dp(x)) 

+ IT {' & ( g »0 r -i( ' X ’ Qh(x )($ - d¥>(s)) j 

+ n, 


with n € h 2 CT Si o((—^- 7 =^) 1 ), for a new small cr > 0. An explicit calculation, and the 


observation that 9' h = 0 on the support of Oh, show that the Poisson bracket is equal to 


r -i( X +^) ) \0h{x){-dfio{x,f)d 2 p{x) - d x b(x,£j) 


(4.68) 


+ r'- 1 


\[h 

,x + p'(f) .,x +p'(f) 


+ 


y/h 


-)C- 


yfh 


)x(h f) ^Wh(x) 


-d 2 p(x)p"(f) - 1 
£ - dp(x) 


and since x + p'(dp) = 0 , we have —d 2 p(x) = 
(4.69) 


and 


x(h 0 m 


h(x 


—d 2 p(x)p"(f) — 1 
f - dp(x) 


x(hPf)9 h (x) 


p"'(tf + (1 — t)dp(x))dt E h a Ss 4 3 ( 1 ). 


p"(dp(x)) J o 

Therefore, from r_i( x4 ^-^ ), r(_ 1 ( X+ ^' > )( e o(( X+ ^^ )~ 1 )> other appearing symbols 
in (14.681) belonging to h~ a Ss,p(l), we can rewrite the second and third term in the right hand 
side of (14.671) as h^~ a r, with r E Si ^((^My 1 ), so their action on (x)9h(x)\v T ‘\ 2 v T ‘ gives 
us a remainder R(v) by propositions 13.10113.111 In this way, we are reduce to estimate 

(4.70) f 6 (^0r~i( X + ^ )) Op%(9 h (x)(£ - dp(x)))(<S>f(x)9 h (x) |r; s |V). 


yfh 
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Taking up (14.591) . (14.601) . (14.611) for / = (1,1, —1), we obtain that Op^(dh(x)(£ — dtp(x))) acts 
like a derivation on its argument and 

(4.71) II Op%(6 h (x)(£ - d<p(x)))<$>f{x)9 h (x)\v E \ 2 v E \\ L 2 < C'/i 1- ' T (||£u || i 2 + ||v|| ff «), 

for a new small a > 0 still depending on j3, so the fact that b(x, £)T_i () belongs to 

Sh along with propositions 13.10113. Ill imply that the term in (14.701) is a remainder 

R(v) satisfying (14.151) . (14.161) . This concludes the proof. □ 


Proposition 14.61 allows us to arrive at the following equation 

(A - Op/?(*£ + K0 ) V a = h$f(x)O h (x) |u s | 2 u s + hOp%(T) [$f (x)0ft,(x)(u s ) 3 

+ <f> s 1 (.x)6(/ l (x)|u s | 2 u s + <h^ 3 (x’)6(/ l (x)(u s ) 3 + hR(v ), 


(4.72) 


which is not entirely in v^, so to transform to the right equation we use the following lemma, 
whose proof comes directly from proposition 14.41 and this is the reason why we omit the details. 

Lemma 4.10. Under the same hypothesis as in theorem there exists s > 0 sufficiently large, 
and a constant C > 0 independent of h, such that 

( 4 -73) ||uj - (vlhh* < Chh~ a (||£u || L 2 + ||v||ff.) , 

(4.74) ||uj - (ua)/IU°° < Ch^~ a (\\Lv\\ L 2 + \\v\\ H °) , 


for a small a > 0 depending on (3. 

Therefore v ^ is solution of the following equation : 


(A - Opf{xf + p(0)«A = h ^i(x)9h(x)\vf\ 2 vf + hOpf(T) (x)9 h (x)(vff 
^ ^ +$-i(x)Oh(x)\vf\ 2 vf + <S> J l 3 (x)0 h (x)(vff]+hR(v), 


R(v) being a remainder satisfying estimates (14.151) . ()4. 161) . 


To conclude this section, we develop Op™(x£ + p(£)) v a at £ = d<p{x). 

Proposition 4.11. Under the same hypothesis as in theorem \f.l\ 

(4.76) Opf{xf +p(f)>A = p(x)9 h (x)vf + hR{v ), 

where R(v) satisfies the estimates in (14.151) . (14.161) . Then, v ^ is solution of the following equa¬ 
tion: 


(4.77) 


D t vf = tp(x)9 h (x)vf + h<Z>f(x)0 h (x)\vf\ 2 vf 

+ hOpf (T) &f(x)0 h (x)(v%) 3 + $ s 1 (x)0/ i (x)|uf \ 2 vf + $%(x)9 h {x)(vf) 3 
+ hR(v ), 


Proof. Consider a cut-off function y as in lemma 13.121 and /3 > 0. One can split as follows 
(4.78) vf = Opf{x{h^fi) T(x,£)> S + Opf({ 1 - x)(/^O r (x,£))*> E , 
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and easily show that Op™(x£, +p(£))Op™(( 1 — x)(^£)r(x,£))u s is a remainder of the form 
hR(v), R(v) satisfying estimates (14.151) . (14.161) . just using symbolic calculus and lemma 13.121 


Therefore, we have to deal with Op™(x£+p(£))Op™(x(hP£)T'(x, £))u s . We have already observed 
that for (x, £) in the support of x{h^Cn{ X+ ^jjp )i x is bounded on a compact set [—1 + ch 2 ^, 1 — 
c/i 2 ^], which allows us to consider a smooth function Oh(x) € Cq°(] — 1 ,1[), identically equal to 
one on this interval, and then on the support of xiJ 1 ^), so that: 

(4.79) x(/Ab . 

Moreover, the derivatives of 9h are zero on the support of d a (x(hP£)'y ( x+ ^^ )), for every multi- 

index a. This implies that products of 0' h (x) with xih^O'Yi ) an< 4 a U its derivatives are 
always zero so, by lemma 13.91 


(4.80) e h (x)^x{h l3 0'y( X+ J^^ ) = d h(x)x{h l3 C) 7( X + Too , 

where € h N Si p((x)-°°), for N as large as we want. In this way we can factor out 6h{x), 
write the equality 


(4.81) 


OPh(x£ + p(£))Op% (o h (x)x(h p £)'y( X = 

= Op%(x£ + p(£))O h (x)Op% (x(h l3 0'y( X ^ + hR(v ), 


and return to uj by 

(4.82) Opl (x{h^) 7( X )) ^ = V A~ °Ph ((1 ~ X{h p 0) ))^ • 

Then, 


OPh(x£ + p(0)8h(x)Op% (xih^Cn C + Jjf > )) yE = 

(4.83) t / £\ 

= Op%(x$ + p(g))6 h (x)v A - Opft(®C + p(0)^fc(*)Opft ((1 - xih^Oh C ))v^ ’ 

and one can show that the second term in the right hand side is a remainder hR(v ) essentially 
using symbolic calculus, lemma 13.121 and Sobolev injection. Symbolic calculus enables us also 
to put 0h{x) in Op™(xl; +p(£)), as the following deduction shows, 


(4.84) 

OPh(x£+p(£))e h (x)v a = Opl((x£ +p{0)Qh(x))vf + j.Opl(e' h {x){x + p'(£)j)v f + hR{v) 

= Oph((x£ + p{£))0 h {x))v J + hR(v ), 

with R(v) satisfying (14.151) . (14.161) . using proposition 13.101 and Sobolev injection. In the last 
equality, (Q' h {x){x +p'(^)))u^ enters in the remainder, for 7( X ~y^ ) € Si o(( X+ J^ )~ 2 ) 
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by lemma 13.141 Q' h (x)(x + p 7 (£)) £ h 5 S/j q ( 1 ) for a small 5 > 0, and using symbolic calculus. 
Actually, we first write 
(4.85) 


+ p'( 0)) v \ = ^OPht^h^h C + V' l;) )( X + /r^ j ))^ + htOpgiro)^ , 


, 2 
h 2 


re + p'(£) .x + p'(£). 




VTi 


where ro € h 2d S i Q (( ‘ r+ ^^^ ) 1 ), and then we use lemma FOl with T(£) = 7 (£)£, and lemma 
roi to deduce that it is a remainder hR(v). 

We can now analyse Op™((xt; + p(^))0h(x))v^. As we are away from points x = ±1, we can 
develop the symbol x£ + p(£) at £ = dip(x), and since c^(a;£ +p(£))|^=d V j(x) = 0 we have 


(4.86) 


where 


x£ + p(£) = xdip(x) + p(dp{x)) + / p"(t£ + (1 — t)dip(x))(l - t)dt (£ - dp(x)Y 


= xdip(x) +p(dip(x)) + 6 (x,£)(x + p '(£)) 2 , 


■ o -/ 1 


6 (x,£)= / p (t£ + (1 - t)d^(x))(l — f)dt 


£ - d<p(z) 


x + p'(£) 

Observe that xd<p(x) + p(dtp(x)) = <p(x). To conclude the proof, we need to show that 

OPh (b(x,£)6 h (x)(x+p'(£)) 2 ) vf 

gives rise to a remainder, too. First, we may consider a function x as hi lemma 13.121 /3 > 0, and 
split b{x,£)9 h {x){x + p '(£)) 2 as the sum of b{x,£)O h {x)(x + p'(£)) 2 (l - x(^£)) € h~ a S s ,o({0 2 ), 
for small 5, a > 0 , whose quantization acts on uj as a remainder because of lemma 13.121 and 
b(x,£)9h{x)(x + P 1 (Q) 2 x(h^0■ For b(x, £)0/ l (x)x(h /3 £)(x + p'{^)) 2 , we can perform a further 
splitting through a function 7 £ Cq°(M), such that 7 ((£) 2 (x + p'(£))) = 1 on the support of 

X(h?0 7( £ 77^), i- e - 


(4.87) 


6(x, £)6'/ l (x)x(h /3 £)(.T + p'(£)) 2 7 ((£} 2 (z + p'(£))) 

+ 6 (x,£) 0 /l (x)x(/r /3 £)(x + p'(£)) 2 (1 - 7 ) ((£} 2 (x + p'(£))) 


As discussed before, this implies that (1 — 7 )((£) 2 (x + p ; (£))) and all its derivatives are equal to 
zero on that support. Since 6 (x,£)0/ t (x)x(h / 3 £)(x+p'(£)) 2 ( 1 — 7 ) ((£} 2 (x + p'(£))) € h~ a S^p(l) 
for a, 5 > 0 small depending on /3, one can apply symbolic calculus (up to a large enough order) 
to obtain 


b(x, £) 6 »/ l (x)x(h /3 £)(x + p'(£)) 2 (l - 7 ) ((£) 2 (x + p'(£))) 


= r 

' n 


(4.88) 

with = h N Si ^(1), IV sufficiently large, to have 

Op))’ (b(x,^)9h(x)x(h^^)(x +p / (£)) 2 (i — 7 ) ((£) 2 (.t + p'(£)))) uj = /ii 2 (u). 

On the other hand, B(x,£) : = 6 (x,£)0/ l (x)x(h / 3 £) 7 ((£) 2 (x +p ; (£))) belongs to /i _fT 55 i( a(l), for 
<5 > 2/3, by lemma 13.131 Using twice lemma 13.91 together with the fact that 7( X+ ^~^ ) € 


,S |.o« 3 :+ Wi (g) ) 3 ) and + p '(£)) 2 € h 1 <T 5a,^(( 3!+ ^ e) ) 2 ), we derive 


£+p7U\2' 1 


(4.89) 


(S(x,£)(x +p'(£)) 2 ) h( X + ^^ ) = B(x, O 7 ( J + )(g + p '(£)) 2 + hr 0 , 


Vh 


Vh 
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and 


(4.90) (fl(s, + p'(0)) t(x + j/(0) = B[x, Ol{ X+ ^° ){x + p\0? + hr' 0 , 

where ro,r' 0 € h^~ a Si / 3 (( X+ ^' > )~ 1 )- Therefore 

(4.91) 

(B(x,£)(x + p'(£)) 2 ) ^( X+ jS^ ) = ^B(x,{) j( X + jS® )(x + p'(£))^ ti(z+p'(£)) + h(r 0 -ro), 


and 

(4.92) 

Op“(S(a;,^)(x + p / (0) 2 )vA = hOp%(B(x,£)'y( X + jS^ )(x + p'(£)))£u s + hOp%(r 0 - r' 0 )v E , 

so one can show that the right hand side is a remainder hR(v), commutating L with Opf'(S(£)). 
using that i?(x, £) 7 ( a+ ^A )(x + p'(£)), r o ~ r o e h^~ a Si p({ X+ ^^ )~ 1 ) > aR d propositions 13.101 
13.111 We finally obtain 


(4.93) Op%(x£, +p(0)v a = tp(x)9 h (x)vf + /lR(v), 
and according to (14.751) . v ^ is solution of 

A^a = ¥ ? (®)^(®)^a + h$f(x)9 h (x)\vf\ 2 vf 

(4.94) + hOp%(T) $f(x)9 h {x)(vf) 3 + ^ 1 (x)9 h (x)\vf\ 2 vf + ^ 3 (x)9 h (x){vf ) 3 
+ hR(v ), 


where i?(u) is a remainder satisfying estimates (14.151) . (14.161) . 


□ 


5 Study of the ODE and End of the Proof 

5.1 The L°° estimate 

The goal of this subsection is to the derive from the equation (14.771) an ODE for a new function 
/y obtained from . from which we can deduce uniform bounds for v^, and for the starting 
function v, with a certain number p € N of its derivatives. The idea is to get rid of contributions 
of non characteristic terms (i.e. of cubic terms different from |fj| 2 u^) by a reasoning of normal 
forms. This will allow us to eliminate all terms still containing pseudo-differential operators, to 
finally write an ODE, and to prove the required L°° estimate, if the null condition is satisfied. 

In the previous section, we denoted by (x), <E>^(x), $^ 1 (x) and $^ 3 (x) respectively the 
coefficients of (u^) 3 , |x^| 2 uj, |x^| 2 u^, (u^) 3 in the right hand side of (14.771) . One can calculate 
them explicitly, using both the expression of the nonlinearity obtained in proposition 14.61 and its 
polynomial representation as in equation (14. 71) . In the latter, after the development at £ = dip(x), 
we essentially replaced hD by d<p(x) when it is applied to v^, and by —d<p(x) when it is applied 

_ 3 

to v^, modulus some new smooth coefficients aj(x) := iidtp(x))E(dtp(x ))~ 3 , for every 

1=1 

I = (*i,* 2 )* 3 ) (the factor T,(dip(x ))~ 3 coming out from mf(dipi(x)) = mi(dip(x))T,(dip(x ))~ 3 , 
according to the notation introduced in (14.111) . T(£) = E(£)x(h/ 3 £)). 
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We are interested in particular in d>^(x) or, to be more precise, to its real part. In fact, the 
null condition introduced in definition II.II at the very beginning is the same as requiring for the 
coefficient of |'i^\'| 2l, A to be rea l> i- e - its imaginary part must be equal to zero. Since polynomials 
Pf.. P)' are real as well as dp(x), {dpfx)), the only contribution to the imaginary part comes 
from P(, P" for k = 1,3 (which have a factor i k ) and produces a multiple of the function d>(x) 
defined in fll.51) . Therefore, if we suppose that the nonlinearity satisfies this null condition (as 
demanded in theorem 11.21) then we find for <J>f"(x) that 


(5.1) 


$F0) = g0(1,1,-1)0*0 W 3 [3P 0 {l,dp{dp),(dp) 2 -, {dip),dip) 

+P 2 (l,dp{dp),(dp) 2 - {dp), dp)] . 


Proposition 5.1. Suppose we are given two constants A",B" > 0, some T > 1 and a a > 0 
small. Let v A be a solution of the equation (14.771) on the interval [1,T], v A satisfying the a priori 
estimates 


(5.2) 

(5.3) 


II u a(£j ')IIl°°(K) < A"s , 
II w a(*i ')IIl 2 (r) < B''eh- rj 


for all t € [1,T], Let 9h{x) € Cq°(] — 1,1[), such that 9h9 A = 9h, and define 
(5.4) 


/a :=vf + Op%(T) 


h 9 h {x) 




h 9 h {x) 


2 p(x) 2 p(x) A 4 p{x 

Then fj] is well defined and it is solution of the ODE: 

(5.5) A/a = <L>{x)9 h {x)f^ + h9 h (x)<$>f(x)\f A \ 2 f A + hR{v ), 

where R(v) is a remainder satisfying estimates (14.151) . (14.161) . 

Proof. Firstly, we would like to underline that, if we suppose bounds in (14.121) and (14.131) on v, 
then hypothesis (15.21) and (15.31) follow immediately, because of the definition of vf ^ Op%( F)A. 
In fact, estimate (15.31) follows from proposition 13.101 and the a priori estimate (14.131) . with 
B" = B'. Regarding the estimate (15.21) . we can write 


(5.6) 

and since ||A(t, -)b°o = ||u(i, •) 


s s 

v A =v 


^A c ) 


\wD’°° > 


(5.7) 


\\vf(t, Ob* < \\v E (t, -)||l°° + ||ua=(<>O b” 

= \\v(t,-)\\w£’°° + bA«=(*.-)b“ 


where we estimated ||n^ c (t, Ob 00 proposition 14.41 Therefore, using that for a > 0 sufficiently 
small h^~ a < hs, we have 


(5.8) 


llW.Ob* < IKV)|lw*°° +Chs(\\Lv(t ,■ 

< A!e + CB'e hh~ a 

< A"e , 


\ L 2 + IKA)b?) 


if we choose A" > 0 sufficiently large to have A! ,CB' < 
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Secondly, <p(x) 7 ^ 0 for all x in the support of 9^. In fact, we consider 9^ such that 9^9^ = 
so we can suppose that its support is of the form [—1 + C'h 2 ^, 1 — C'h 2 ^], for a suitable small 
positive constant C'. On this interval x 2 < (1 — C'h 2 P) 2 = 1 + C" 2 /i 4/3 — 2 C'h 2 ^, so 

(5.9) <p{x) = \/l-x 2 > C'h 2 P(2 — C’h 2 ! 3 ) > h 0 , 

which implies that the quotient is well defined and |^jy| < h~h . Then, set 


(5.10) ,/f :=r;J + o 7 //(r) 


h 


4(%) 

¥>(®) 


( x )( v a) 3 + & 2 $_i(t>|^a|A^ + k 3 §* 3 (x)(y% 


S|2.,S 


,.E\3 


with k 1 , k 2 , k 3 £ 1 to be properly chosen, and apply Dt to this expression. We have already 
calculated DtOp™(T) in (14.331) . obtaining that the commutator is 


(5.11) [D t ,Op%(T)]=ihvOp%[ 1 f ( 


,.z + p'(£). 


Vh 


ih 


)p'm - ^opi v( 


,.x + p'(^)..x + p'^) 


Vh 


K- 


Vh 


where both appearing symbols belong to Si 0 (( x ~^/^ ) 4 ). The truncation of these symbols 

through a function %(h^£) as in lemma 13.121 and propositions 13.1(1113.111 together with estimates 
(15.2p . (15.31) on v^, show that the action of the commutator on brackets in (15.101) gives rise to a 
remainder hR(v). 

Denoting by 0(5) all terms of order 5 in (v^,v^), and using (14.771) . we can compute 


D t fl = D t vl + Op w h (r) 


(5.12) 


k 1 h^Y^-^f(x)[3ip(x)9 h (x)(vf) 3 + h 2 0{ 5)] 
ip[x) 

+k2 h ^^j^-i{ x )[-(p( x )0 h ( x )\ v A\ 2v A + h 2 0{ 5)] 
+k 3 h^^^ 3 (x)[-3ip(x)9 h ( x )(vff + h 2 0( 5)] 


+ hR(v ), 


where hR{v ) includes also terms coming out from Dt(h9h(x)), and 
A/a = tp(x)9 h (x)v a + h9 h (x)®f(x)\vf\ 2 vf 

+ Oph(T) h9 h {x) ((3Aq + l)<hf( s)(ua) 3 + Vh + l)$ s 1 (x)|uj| 2 ^ 

+(-3fc 3 + 1)*_ 3 (®)(wa) 3 )1 + hR ( c ) » 


(5.13) 


where h 2 0{ 5) entered in hR(v ) from propositions 13.101 13.111 estimates (15.21) . (15. 3 1) . and the 
fact that involved coefficients are 0(/i _fT ), for a small a > 0. We use again the definition of 
to replace v J in the linear and in the characteristic part. We have h9h(x)^f ( x )\ v a\ 2v a = 
h9 h (x)^{x)\ff\ 2 ff + h 2 0( 5) and 


(5.14) 

<p(x)0 h {x)vf = <p(x)O h {x)ff - ip(x)9 h (x)Op™ (T) 
+k 3 ^ 3 (x)(vf^ 


&h(x) 
1 <p(x) 


kl$ 3 ( x )(vf ) 3 + k 2$-l(x)\vA\' 2 vf 


Si2 E 


= p(x)9 h {x)fx - Op™(T) h9 h (x) (ki$' 3 (x)(vf) 3 + k 2 <S>- 1 (x)\v%\ 2 v% 


,,S|2„,S 


+fc 3 ^>^ 3 (x)(r;f ) 3 ) + hR(v ), 
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where the last equality is consequence of the fact that, by lemma 13.91 \tp[x')Qh{x),Op™(T)\ = 
/;i _cr Op^(ro), ro € Si 0 ((^=^) -1 ), <7 > 0 small. Again a truncation through and the 

application of propositions l3.ldll3.lll together with estimates on v\. ensure that the contribution 
coming from the action of the commutator on its argument enters in the remainder. We finally 
obtain 


A/a = v{x)Q h (x)ff + hQ h {x)<^(x)\ff\ 2 ff 
(5.15) +Oph( r) he h (x)((2k 1 + l)<f>f(x){vf) 3 + (-2k 2 + l)^ 1 (x)\vf\ 2 vf 

+(-4fe 3 + 1)$ s 3 (x)(u|) 3 ')1 + hR(y ), 


and we get rid of non-characteristic terms by requiring 


'2fci + l =0 
< -2k 2 + l =0 
k -4fc 3 + l =0 


' h = -l 
< k 2 = \ 


from which the statement. □ 

Proposition 5.2. Let /^ be the function defined in (15.41) . solution of the ODE (15.51) under the 
a priori estimates m , & Then the following inequality holds : 


(5-16) I|/a(A)||l~ < I|/a(V)||l°° +C J 1 t * +<T (ll' Cu ( 7 v)IU a + \\v(t, filing dr, 

for a > 0 small, and a positive constant C > 0. 


Proof. Using the equation (15.51) . we can compute 


(5.17) 

J^I/a A®)! 2 = 23(/aA/a)(^) = 2Q(p(x)0h(x)\f%\ 2 + h6 h (x)<f>f(x)\f%\ A + hR(v)f£)(t,x) 
= 2S(hR(y)f%)(t,x) < 2h\f%(t,x)\\R(v)\ , 


from which follows an integral inequality 

( 5 - 18 ) II/a (*> OIU 00 ^ II/a (1 ; OIU 00 + ^ ^ r ’ dr ■ 

Using the estimate (14.161) for R(v), we obtain the result 


(5.19) 


II/a(V)I|l~ < II/aU.OIU- + c 


i: 


' 4+<t (||£u(t,-)||l 2) + ||u(r, -)l|i?f ) dr . 


□ 

Finally, the L°° estimate we found for in the previous proposition enables us to propagate 
the uniform estimate on v, as showed in the following: 

Proposition 5.3 (Propagation of the uniform estimate). Let v be a solution of the equation 
(S3 on some interval [1,T], T > 1 and a > 0 small. Then, for a fixed constant K > 1, there 
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exist two constants A',B' > 0 sufficiently large, So > 0 sufficiently small, s,p £ N with s 2> p, 
such that, if 0 < e < £o, and v satisfies 

(Al) \\v(t,-)\\ W P,°a <A'e, 

(5.20) (BA)\\v(t r )\\ H s <B'£h~\ 

(B.2)\\Lv(t,-)\\ L 2<B'eh-\ 

for every t € [1,T], then it satisfies also 

(5.21) (Al') | \v(t, -)\\ w p>°° <^£, Vi € [1, T]. 

Proof. The proof of the proposition comes directly from proposition 15. 2 1 and from the equivalence 
between and H/^Hl 00 - In fact, functions T^x) are cubic expressions in dp(x) and 

(d(p(x)}, so they are bounded up to a loss h~ s , 5 > 0 depending on (3, on the support of 9h(x), 
where also <p(x) > > 0. This implies that I (,%)| < Ch ~ s , j € {3, —1, —3}, with a new 

5 > 0 depending linearly on fj, so that by the definition of , proposition 13.111 and estimates 

(15.21) , (15.31) (which follow from (15.201) , as already observed in proposition 15.ip , we find 

(5.22) 2^^^’ ■)H L ° 0 — II/a (*) OIU 00 < 2 II^a(^^ Olli 00 ■ 

Furthermore, the a priori estimate on the TF 7 ^’ 00 norm of v extends to the L°° norm of just 
by the decomposition 

(5.23) v%_ = — v^c , 


and by proposition 14.41 so for example at time t = 1 we have 

ll^ 1 , Olli” < + ||' y A c (i> 

< ll u (i) ')\\wf°° + c , (l|£ ?; (i>OII l 2 +11^(1)Oll^) 

(524) S sr +CB ' £ 

A' 

< — 


16 K 


where we choose A! > 0 sufficiently large such that ||u(l, ■)||pv p ’°° — ?ok £ an d CB' < -^k- 
Therefore 


(5.25) 


II/a (!> OIIa 00 < 2 II^a(1,-)IU°° < 


Using proposition 15.21 (15.251) and the a priori estimates (B.l), (B.2), we find that 

A' rt - 


II/a(V)IU“ < ^ £ + CB ' £ / T 4+ CT dr 


(5.26) 


8 K 

~lk £ + c ' B ' £ 

A' 

~ 4 K £ ’ 

where again the last inequality follows from the choice of A' > 0 large enough to have C'B' < ^. 
Then we have 

(5-27) \\vA(t,-)\\L°°<^e, 
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and 


I-)IU°° < \\vf(t ,+ ||^Ac(t, -)IU° 


(5.28) 


A' i / 

<-e + CB'eh 

~ 2K 

A' 

- k £ ' 


□ 


5.2 Asymptotics 


We want now to derive the asymptotic expansion for the function ( hD)~ 1 v , v being the solution 
of (14.71) . when it exists on [l,+oo[. The reader can refer to the next subsection to find the 
proof of the global existence of v, which implies also the global existence of the solution u of the 
starting problem «• 


Proposition 5.4. Under the same hypothesis as theorem \ 4 . 1\ with T = +oo, there exists a 
family ( Oh(x))h of C°° functions, real valued, supported in some interval [—1 + c/r 2/3 ,1 — ch 2 ^] ; 
Oh = 1 on an interval of the same form, such that ( hdh) k 0 h ( x ) bounded for any k, and a 
family (de) £ g]o,e 0 ] of C-valued functions on R, supported in [—1, 1], uniformly bounded, such that 


(5.29) 

(hD)~ l v 


/ t nt 

Oi/ T (x)dr + is 2 \a e (x)\ 2 &f (x) J 0 1 / T (x )— 


+ t 4 +C 7 r(t,x), 


where h = j, a > 0 is small and sup ||r(f, •)llz, 2 nz , 00 — Ce. 

t> 1 


Proof. Let us take E(£) = (£) 1 , so that = ( hD) 1 v. Resuming all prevoius results, we have 
obtained that under the a priori estimates (14.121) , (|4.13l) , the function f^ defined in (15.41) satisfies 

(15.51) . with a remainder R(v) = 0 ^ 00^2 (et~^ +<y ), for a sufficiently small 0 > 0. Inequality (15.171) 
and the bound (14.161) show that 

II/a(V) - OIU 00 < c f t/ T ~^ +a {\\£v{T,-)\\ L 2 + ||v(T,-)||H«)dr. 

Combining with the a priori estimate (|4.13l) . there is a continuous function x —>• |a(x)| such that 
\\f^(t,x)\ 2 — |a(x)| 2 | = 0 (et~ 2 +ct ), for a new small er > 0, and replacing this new function in 

(15.51) we obtain the equation 

(5.30) D t ff = 0 h (x) [ip(x) + h,A>f (x)\a(x)\ 2 ] ff + hr(t,x ), 

for r = 0 L oo nL 2 (et~^ +a ), which is a linear non homogeneous ODE for /y : . This implies that 
there is a 0 (e) continuous function a such that 


(5.31) /a (t,x) = a(x)exp 


M x ) J 0 1 /T (x)dr + i\a(x)\ 2 $f(x) 0 1 /t (x)^- 


+ t 4 +a r(t,x), 


for a new r. Finally, using the definition of f'f and proposition 14.41 we have \\fj)' — w^|| L 2 nL°° = 
0(et~ 4+ ct ) and ||u^ — v^\\ L 2 rL oo = 0(et~ 4 +f7 ), so we can deduce from (15.311) the asymptotic 
expansion for = ( hD)~ 1 v. Since (14.391) for a = 1 shows that vanishes when x ^ [—1,1] 
and t —>• + 00 , we get that d(x) is supported for x € [—1,1], and we conclude the proof choosing 
a(x) = ea £ (x ) for a bounded a £ (x ) as in the statement. □ 
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5.3 End of the Proof 


Proof of Theorem \1.2\ Let us prove that, for small enough data, the solution of the initial Cauchy 
problem m is global. We show that we can propagate some convenient a priori estimates on 
u, as stated in theorem 11.31 namely we want to show that there are some integers s> 1, 
some constants A, B > 0 large enough, e$ €]0,1] and a > 0 small enough such that, if u € 
C°([l, T[; H s+1 ) H C' 1 ([l, T[; H s ) is solution of fll.ll) for some T > 1, and satisfies 

||u(f, -)ll w* ,p,oo < Aet 2 , 

II Zu(t, 0||fl-i < Bet a , || d t Zu(t, 0||l 2 < Bet a 

II u(t, 0||^» < Bet* , || d t u(t, 0||i?»-i < Bet a , 


for every t € [1,7"], then in the same interval it verifies improved estimates, 

A i 

\\u(t,-)\\ w t, P ,oo < —ef" 2 , 

II Zu(t, OHhi < ^ et a , || d t Zu(t, -)\\ L 2 < ^et a 

II u(t, -)||/r» < ^£t a , || d t u{t, 0||^-i < ^£t a . 

We can immediately observe that from m, these bounds are verified at time t = 1. In 
theorem 12.21 in section El we proved that we can improve the energy bounds \\Zu(t, -)||#i, 
\\dtZu(t, OUl 2 ! IK(U ’)\\h s and \\dtu(t,-)\\ H s-i. To show that the propagation of the uniform 
bound ||«(t, Ollw*^’ 00 bolds, we passed from equation m to (14.21) at the beginning of section 
|4j and then we showed that the function v is solution of (14.71) . The a priori assumptions made 
on u imply the following estimates on v, 


(5.32) 


ll u (^> Oil — CiAe , 

\\£v(t, -)\\ H i < bBeh~ a , || v(t, -)||h» < Beh~ a , 


for h 1 := t in [1,T]. In fact, from (14.11) . the definition ( 14.51) of v in semiclassical coordinates 
and the equation ( 0 ), 

C2\\u(t, -)||^yt,p,oo < t 2 ||u(f, •) || y^P - 1 ’ 00 ^ Cl ||u(f, •) ||^t,p,oo , 

v h 


IKV)llif£ = ||«(i,-)l|/f , 

for some positive constants C\, C 2 , so the first and third inequality in (15.321) are satisfied. More¬ 
over, Lv can be expressed in term of u, Zu, as showed below using equation (14.71) . 


-Zu(t,y) = hi (1 — x 2 )D x + txD t + i— v(t, x)\ x= v 
1 L 21 4 


(5.33) 


= h 2 


(1 - x 2 )D x + tx Op ™(®£ + p(£)) + i 77 


21 


v + h^xP ) L = 


= (h 2 [D x + txOp%(p(£))]v + h 2 xP) \ x= r , 


where P denotes the right hand side of (E3 multiplied by h 1 . Using symbolic calculus of 
proposition 13.81 


1 


(5.34) 


rZu(t,y) = h 2 


= h* 




OPh(p(0)£v - ~Oph(p'(£))v + xP 


v + h^xP \ r= y 
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where we used that p(£) = sjl + £ 2 , p'(£) = £/p(£). Therefore, since Op^(p(£) x ) : 1 —>• 

is uniformly bounded by proposition 13.101 and from \\v(t, -)||#s = \\u(t, -)||#s, we derive 

\\£v(t, -)\\ H 1 < II Zu(t, -)\\ L 2 + II u(t, -)\\ L 2 + \\xP\\ L 2 , where 

h 

\\xP(t ,-)\\ L 2 < C , ||u(i,-)||^-i,oc(||£u(*»-)IUa + IKMIl/rO- 

Then we can use the uniform estimate ||u(t, •)|| w -p-i,oo < Ci-Ae, choose £o <C 1 small enough 
such that CC\A 2 £q < and use the a priori energy bounds on u in (1 1.1 1|) . to have 

II £v(t, -)\\ H i < 2|| Zu(t, -)\\ L 2 + 2|| u(t ,-)\\ L 2 + || u(t, -)||if» < 5 Beh~ a . 

n 

Under these bounds on v, in proposition 15.31 we proved that, for A' = C\A and B' = 5B, the uni¬ 
form estimate on v can be propagated, choosing for instance K = to obtain ||u(t, ■)||^-/a—i,oo < 

£, and then \\u(t, -)|| (L which concludes the proof of the boostrap and of global 

existence. 


We prove now the asymptotics. We consider £(£) = (£) p+1 and we write 

(hD)- 1 v = Op%m- 1 (£)-f>- 1 )v*. 

Using proposition El we develop the symbol (£) p 2 at £ = dtp(x), 

OphiiO~ P ~ 2 )^ = 9 h {x)(d(p{x))~ p ~ 2 v J] + 0 L oc ni 2(eh3" CT ), 

and using the expression obtained in (I5.29D , along with the uniform bound on , we derive that 
in the limit t —>• +oo the function a(x) = £a e (x ) verifies 

o l i t—±-\-oo 0 

(5.35) \a(x)\ < \dh(x)(dip(x)}- p ~ 2 v^\ + 0(£t~4 +a ) < C£(dip(x))~ p ~ . 

For points x in ] — 1,1[ such that (d<p(x)) > ah ~®, for a small a > 0, we have |a(x)| = 0(e/i^^ +2 )) 
and then the corresponding contribution to the right hand side of (15.291) is 0(£f _mm ^ p+2 )’4 -CT )) 
in L°° n L 2 . 


Let us now consider points x in ] — 1,1[ such that (dip(x)) < ah p . and remind that the function 
9h(x) in (15.291) is identically equal to one on some interval [—1 + ch 2 ' 3 1 — ch 2/3 ]. We can write 

pt poo poo 

(5.36) / 0 1 /r (x)dT = t- 1+ (d 1 /r (x)-l )dr- (0 1/r (x) - l)dr , 

J l J l Jt 

i _i_ 

observing that on the support of 0i/ T (x) — 1, r < max c 29 (1 — x,x + 1) 2 P. Therefore the last 
integral is taken on a finite interval and since \x ± 1| (dip(x)) 2 as x —>• =Fl by (13.341) . this 

i_ j_ 

implies that at the same time we have r < c(d<p(x)) p and (d(p(x)) p < at. For t < r and a > 0 
small, this leads to a contradiction and to the fact that the last integral in (15.361) is equal to 
zero. Then in (15.291) we can write 


a £ (x) exp 


iip(x) / 9i/ r (x)dr 


= a £ (x) exp [iip(x)t + ig(x)\ 


with g{x) = ip(x) [/“ (6»i /t (x) — 1 )dr — l], and similarly, for x satisfying (d<p(x)) < ah 


a £ {x) | 2 d> 


s 

l 



0 l/r (*^) 


dr 

T 


a £ (x)\ 2 ^f(x)\ogt + g(x ), 


41 





















for g(x) = |a £ (x)| 2< Ff (x) [/ 1 °°(6 , 1 / r (x) — l)^ 1 — l]. Moreover, for (dip(x)) < ah the coefficient 
ft(l ^_l) (x) appearing in <f>f(x) is equai to (d<p(x ))~ 1 , since d<p(x))j( x+p ) = 1 if 

a is chosen sufficiently small, which implies that <b^(x) is exactly <f>i(x) introduced in (El- 
Modifying the function a £ (x) by a factor of modulus one, we derive from (15.2911 the asymptotic 
behaviour for (h.D)~ 1 v: 

(5.37) (hD)~ 1 v = ea £ (x) exp \iip{x)t + z(log t)e 2 |a e (x)| 2 <f>i(x)] + t~ 9 r(t,x ), 

for some 9 > 0 and ||r(t, = 0(e), and reminding the relationship between v and w in (14.511 , 

and between w and u in (14.11) . we finally obtain the asymptotics for u in (11.71) . 

□ 


Appendix 


This appendix is devoted to the detailed proof of proposition 13.81 and lemma 13.91 which are 
technical. 

Proof of Proposition \d.JA Let us expand a(x + 2 , £ + () at (x, £) with Taylor’s formula : 


i(x + z,£ + C) = a(®,£) + E -^d% 1 d° 2 a(x,£)z ai C 2 


OL=(pL\,OL2) 

l<|a|<fc 


+ E 


hi /-hi 


h=(h uha) 
\h\=k+l 


/3! 


f atd^ai 

Jo 


x + tz,£ + tC)(l — t) k dt. 


and replace this development in (13.111) . obtaining : 

c# = ] „ [ e^^ vz ~ y ^a(x, £)b(x + y, £ + ??) dydydzdf 

(irhy J R 4 

+ , [ eT ( ^ z - y O 'y' _L 3" 1 5? 2 a(x,^)6(x + y,£ + rj) z ai ( a2 dydydzd( 

(TThy j R 4 ^ n ’ 


o=(ai,Q2) 

1<|«|<A: 


1 f 21 

+ (ith) 2 i R 4 6 


(vz-yC) 


E z/3lc/32 jf d - ld ? a { x + tz ^+ k)(i - <**} 


h=(hiM 
\h\=k+l 

x 6(x + y, £ + rj) dydr]dzd( 


■= h + h + h ■ 


From a direct calculation and using that the inverse Fourier transform of the complex exponen¬ 
tial is the delta function, i.e. 


(A) 

we derive 


1 [ ef xy dY = S Q (X ), 
Jr 


irh 


h = 


_}_ f eh {yz y Qa^x Qb^x + y^ + rjjdydrjdzdC 
nhy J R 4 

(x,£) / b(x + y,£ + ri) 8 0 (y) 6 o(r])dydri = a(x,£)b(x,£), 
Jr 2 
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and 


h = 


= Ay2 E -J e^-^^^a(x^) b ( X + y^ + r,)^C 2 dyd V dz^ 

{irhy a\ J R 4 ? 

a=(ai,a2) 

l<\a\<k 


1 

(irh) 2 


y - 

z—* a\ 

a=(a 1 , 02 ) 
l<|a|<fc 


M 


3" 1 {—dy 2 )e h^ z y <>) d^ 1 d^ 2 a(x, £)b(x + y,C + rj) dydrjdzdC 


1 V (~l) ai 

( 7 r/ 1) 2 a! 

a=(o:i , 0 : 2 ) 
l<|a|</c 



e ^ d ^ 1 d ^ 2 a(x, Q dy 2 dy 1 b(x + y, £ + 77 ) dydrjdzdC, 


i Q i / 7, \ l a l 

= E Sd UJ 

a=(ai,Q2) 

l<|a|<fe 


The same calculation shows that 13 is given by 
fc + 1 ^/ i\ fc+1 ^ (- 1) Q1 


/ 3 = 


(irh) 2 \2i 


5 £ 


2i 

e h 


a=(ai,a 2 ) 

\a\=k-\-l 


a ' Jr 4 


{vz ~ v0 {jf 5 “ i5 f a(x + c + *o(! - *)*<& 

x dy 2 d° 1 b(x + y, £ + 77 ) j dydijdzdC , 


and it belongs to /i( fc+1 h 1 ( Sl+S2 ^ S$fi(M\M 2 ) since 


1 

7? 


e f (mC)| jT 1 a£i 0 p o ( x + te)( c + ^)(! _ t,) k dtd^ 2 d^b(x + y,<£ + 77 )} dydrjdzdC = 

e 2i( V z-yQ | jf 1 d«i0“ 2 a(x + tVhz, C + tVh()( 1 - t) fc cif d^d^bix + Vhy , £ + v^r/)} 

dydrjdzdC 


f ( 1 + 2 +/dA A / 1 - 2 iyd z \ N ( 1-2 izd v \ N f 1 + 2iCd y \^ 2 i( V z- y Q 
J^\l+Ay 2 ) V l + 4r? 2 ) \l + 4,z 2 J \ 1 + 4( 2 ) 

x | J dyd^ 2 a(x + tVhz,C + iV^C)(l — t) k dtdy 2 dy 1 b(x + Vhy,C + V^7y)| dydrjdzdC 

so integrating by parts, 


< Ch~ {Sl+S2 ^ ai+a2) [ (y)~ N {y)~ N (z)~ N (C)~ N \ [ M^x + tVhz^ + tVhQdt 

J R 4 1 JO 

x M 2 (x + Vhy, C + '/Tir/) j dydrjdzdC 

< C/i- (5l+<52)(fc+1) [ (y)~ N+No (r))- N+No (z)~ N+No (Cy N+No dydrjdzdC M l (x,C)M 2 (x,C) 

J R 4 

< C'/t-( <5l+52) ( fc+1 )Mi(a;,0Af2(a;,0 • 


Equivalently, one can show that |9“/s| < C'/ l ( fe + 1 )( 1 (+++)) Af^x, £)Af 2 (a?, £)• The last 
statement of the proposition follows immediately if we replace in previous inequalities M\ and 
M 2 respectively by M k+1 , M k+1 . □ 
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Proof of Lemma 1 3.9\ The proof of the lemma is the same as the previous one if, when we cal¬ 
culate to which class the remainder belongs, we remark that 


/ x + ty/hz + /(£ + tVhCf) 

\ vn 


—d 


/ x + f{0 

\ Vh 


+ tz + tb(£, C)C^ < (tz) N (t() N 


/ g + /(0 

\ Vh 


-d 


1X + Vhy + /(£ + v^7y) 

\ 


-l 


/ g + /(0 

\ 




< &>%>* 


<^r 


with b(f,() = fo f {£, + stVh(f)ds < 1 , £/(£, 77 ) = f {f + sVhrfjds < 1 , for a certain IV e N. □ 
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